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1 Counting and Maps Between Finite Sets

How do we count? We see a cluster of objects, e.g. balls. We then associate 1
with the first ball we see, 2 with the second, and so on, until no more balls are
left. Then the last number we associated to a ball is the number of balls in the
cluster — we have counted the balls.
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Mathematically speaking, we set up a bijection between a (finite) set of
natural numbers {1,2,...,n} (n =5 in the example above) and the elements in
the set of objects we wanted to count. We are going to formalize this now. But
first some notations.

1.0.1 Notations

o N = set of all natural numbers
={1,2,3,..}
e Ny =NU{0}
={0,1,2,...}
e Forn e N: N, = {m € Njm <n}

{1,2,....,n—1,n}

Definition 1.1. Let S be any set and n € N.

(a) We say that S has size or cardinality n if there exists a bijective map
(function) f : N,, — S. In that case, we write |S| = n. We also say that
the empty set () has cardinality 0 and we write |#] = 0.

(b) The set S is called finite if |S| € Ny and infinite otherwise. If S is infinite,
we also write |S| = co.

Question 1.1. Suppose S is a finite non-empty set. Is | S| a well-defined natural

number? Or is it possible that |S| = n and |S| = m with n,m € N and n # m?

Theorem 1.2. Assume that n,m € N and f: N,, = N,, is a function which is
injective. Then n < m.



Proof. Induction bases: If n = 1 then the claim is instantly true since 1 <
m Vm e N.

Induction step: Assuming the claim is true for some n = k € N (induction
hypothesis), we have to show that it is also true for £ + 1. So let an injective
map f : Ngi1 — Ny, be given. We want to prove k+1 < m and distinguish two
cases. Note first that £+ 1 > 2 implies m > 2 since f is injective - m —1 € N.

Case 1: f(z) £ mVz € Ni

Then f(z) € Ny, \ {m} = N,,,_1Vx € Ni, and we can define a new function
fi : Nk = N1 by fi(z) = f(z)Vx € Ni. Since f is injective, also fi is
injective. Hence by the induction hypothesis k <m —1—=k+1 < m.

Case 2: dxg € Ny with f(xg) =m

Then, since f is injective and xg # k + 1, we must have

f(k+1)# f(xo) =m — f(k+1) €Ny \ {m} =Np1 (%)
Set yo = f(k + 1) and define a new function

f(z) VeeNp\{zo}

Joa :Np = Ny by fo(z) = { .
Yo leL':IL’O

We verify that f5 is injective:
If 21,29 € N \ {zo} with z1 # 22, then

fa(z1) = f(z1) # f(22) = fa(@2) — faw1) # fa(22)

The first inequality above follows from f being injective.
And if z; € Np \ {zo}, then z1 # k + 1 and hence (since f is injective)

f(x1) # f(k+1) =yo = fo(x1) = f(x1) # yo = fa(0), i.e. fo(x1) # fa(w0)

Since f5 is injective, we can apply the induction hypothesis and get k < m—1 —
k + 1 < m also in this case.
O

(%) And also f(z) e Ny, \ {m} =N,,_1 Vo e Ni\ {zo}.

Corollary 1.3. If S is a finite set and |S| = m,|S| = n with m,n € Ny, then
m=n.

Proof. If S = (), we must have |S| = 0 and so m = n = 0. (There is no map
f i Np — Qforany k € N.) So let’s assume S # (). Since |S| = m, there
exists a bijective map f : N,;, — S. Since also |S| = n, there exists another
bijective map g : N,, — S. Because f is bijective, there exists the inverse
function f~! : S — N,,, which is also bijective. So we can compute the map
kE:=f1log:N, = N,,. As a composition of two bijective maps, h is also
bijective, so in particular injective. Hence Theorem 1.2 implies n < m. But the
inverse h~! : N,, — N,, is also bijective. Another application of Theorem 1.2
yields m < n. Hence n <m <n — m =n. ]



Corollary 1.4. If T and S are two finite sets and f : T — S is an injective
function, then |T| < |S].

Proof. Set n = |T| and m = |S|. If n = 0, there is nothing to show (since
0 < |S| always). If T # 0, then also S # () since there is no map f : T — 0.
So we may assume T',.S # () and n, m € N. By assumption, there exist bijective
maps g : N,, = T and h: N,, = S. Then also h~! : § — N,, is bijective, and
h=lo fog:N, — N, is injective, since it is a composition of injective maps.
therefore Theorem 1.2 implies n < m O

Proposition 1.5. If A and B are finite sets and A(\B = 0, then |A|JB| =
Al + BJ.
Proof. We may assume A # () and B # () (For A = () or B = () the claim is

trivial). Set k =|A| € Nand = |B| € N. Let f : N9 — A and g € N, — B be
bijective functions.

fG) ifi<k

Defi Y Al )B ) =
efine b Ny — A[J B by h(i) {g(i—k) i h+1<i<hk+l

One immediately checks that h(Ngy1) = A|J B, which means that h is sur-
jective. But h is also injective: For 1 < i < j < k + [ we have to show that
h(#) # h(j). In order to do this, we distinguish three cases.

Case 1:

J <k = h(i) = f(i) # f(G) = h(G) = h(i) # h(j)

The first inequality above comes from the fact that f is injective.
Case 2:

k+1<i—h(i) =g —k) #9( —k) = h(j) = h(i) # h(j)

The first inequality above comes from the fact that g is injective.
Case 3:
1<i<kandk+1<j<k+1—

h(i)=f(i) e Aand h(j)=g(j — k) € B—
h(i) # h(j) since A(|B =0
Therefore, h is bijective, by definition of cardinality, it follows that |A|J B| =
k+1=|A|l+|B| O
Corollary 1.6. If S is a finite set, and T is a proper subset of S (notation:
T C S), then |T] < |S].

Proof. Since the embedding map j : T — S, j(x) =z Vz € T is injective,
we already know from 1.4 that |T'| < |S|. Since T' C S, it follows that Isg € S
with sg ¢ T. Set T" := T'J{so}. By 1.5, |T"| = |T| + |[{so}| = |T| + 1. But the
same argument as above yields (since 7/ C 5), |T"| < S. Hence |T|+1 < |S| —
[S]—1<|S]. O



Proposition 1.7. Let T and S be two finite non-empty sets and f: T — S a
function. Assume that |T'| = |S|.

(a) If f is injective, then it is also surjective.
(b) If f is surjective, then it is also injective.

Proof. (a) Set n = |T| = |S| € N. We prove the claim by way of contradiction.
Assume that f is not surjective. then the image S' := f(T) = {f(z)|z € T} is
different from S. Hence S’ C S, and so by 1.6 |S’| < |S| = n. Now consider
the function " : T — S, f'(x) = f(z) Va €T . Then f’is injective since f is
injective. So by 1.4, n = |T'| < |[S~!| < n, which is clearly a contradiction. So
we must have f(T) = S, and f is surjective.

O

Proof of (b): Exercise!

Lemma 1.8. If f: T — S is a surjective map between two finite non-empty
sets, then |T| > |S].

Proof. Let n = |S| and g : N,, — S be a bijection. Set s; = g(i) V1 <i <n.
Then S = {s1,...,5,} and s; #s; Vi # j. Since f is surjective, there exists for
each 1 < i < n, an element t; € T with f(t;) = s;. Note that ¢t; #t; Vi#j
since s; # s; Vi # j. Now set T := {t;]1 < i <n} CT — |T'| < |T|. But
h:N, = T with h(i) =t; V1 <i < n is bijective, and so |T'| = n. It follows
that |T| > |T'| =n =S| O

We will now reformulate Corollary 1.4 and get one of the basic principles of
combinatorics.

Corollary 1.9. ”Pigeonhole Principle”
If T and S are two finite non-empty sets with |7 > |S| and f : T — S is any
map, then there exist x1,z9 € T with 21 # 29 and f(z1) = f(z2).

Proof. By 1.4 f cannot be injective since |T| > |S|. But this precisely means
that there exist two distinct elements 21, zo of T which satisfy f(x1) = f(x2).
O

To formulate this principle in a less abstract way: if we have n letters which
are to be put into m pigeonholes and n > m, then there is (at least) one pigeon-
hole which will receive > 2 letters (T' = set of letters, S = set of pigeonholes,
f = map which assigns each letter to a specific pigeonhole, x1 # x5 = two
distinct letters which end up in the same pigeonhole (f(z1) = f(z2))).

Example 1.10. In a group of 13 (or more) people, there will always be 2 whose
birthday is in the same month.

Here we apply 1.9 with 7' = set of people in the given group — |T| = 13( or
> 13).
S = set of months of the year — |S| = 12



f:T — S is defined by:

f(z) = month in which person  has his/her birthday. So by 1.9, there are two
different persons x1,xe € T with f(x1) = f(x2), i.e. x1,x2 have their birthday
in the same month.

Example 1.11. In a set X of people with |X| > 2 there are two who have the
same number of friends. Two clarifications: 1) A person is not considered a
friend of him/herself. 2) Friendship is mutual: IF A is a friend of B, then also
B is a friend of A.

We want to apply the pigeonhole principle.
Set n =|X| >2and S =N, J{0} ={0,1,...,n — 1}. We define f : X —
S by f(z) := {y € Xlyis a friend of }| since |X| = |S| = n, we cannot
apply the pigeonhole principle immediately. However, we can make the following
Observation:

e 0 and n — 1 cannot both be elements of the image f(x) = {f(z)|z € X}.
This is because if there exists g € X with f(z9) = n — 1, then ¢ is a
friend of everybody in X \ {zo}, and hence f(z) > 1 Va € X. Using this
observation, there are two ways to finish the proof of our claim.

Method 1: By way of contradiction.

Assume that f(z1) # f(z2) for all 1,29 € X with 1 # x2. Then f is injective.
Since |X| =|S|, 1.7 (a) now implies that f is also surjective. Hence 0 € f(X)
and n — 1 € f(X) which contradicts our observation.

Method 2:

Ifn—-—1¢ f(X), we set S := N,_1J{0} = {0,1,2,...,n — 2} and define
fi: X = S1 by fi(zr) = f(z) Vo e X. Now we have n = |X| > |S1| =n—1,
and so by 1.9 there exist z1,22 € X with fi(z) = fi(z2) — f(z1) = f(xe). If
0 ¢ f(X), we similarly set So = N,,_1 = {1,...,n — 1} and define fo : X — S5
by fa(z) = f(z) Vz € X. Then the pigeonhole principle yields the existence
of xr1,T2 € X with xq }é To and fQ(Il) = fg(xg) — f(xl) = f(JC2)

Remark 1.12. A similar observation as in 1.11 is also crucial in the example
discussed in Section 6.3 of [B]. Namely, April cannot be the person who shook
hands with 8 other people (why?) However, as opposed to 1.11, this observation
does not immediately solve the problem.

Challenge: Read the text concerning this example on page 49 but do not
turn the page in order to continue reading on page 50. Then try to figure out
the solution for this problem. After coming up with an answer, you can then
compare it with the one given on page 50 in [B]. Do you find it convincing?

Example 1.13. Given is a set T C N with |T'| = 12. Show that there exist
xz,y €T withz # yand 11|z —y (i.e. 11 dividesz—y < g€ Z:z—y=11-q).

The essential tool for solving this problem are remainders, see section 8.2 of
[B]. More precisely, we will use the following Fact:
For any a € N, there exist uniquely determined ¢, € Ny with a = ¢-11 47 and



0 <r <10. (so r is the remainder after dividing a by 11).

Now set S = {r € Ng|r <10} and define f : T — S by f(a)=rifIg€Z:a=
11q+r with r € S, for any a € T. Since 12 = |T| > 11 = | S|, there exist z,y € T
with  # y and f(z) = f(y) = Jq1,92 € Z with ¢ = 11q; + r,y = 11gs + 7,
where r = f(z) = f(y) € S —

x—y=11(q1 —q2) with ¢ — g2 € Z — 11|z — y

Example 1.14. We want to prove the following: Claim: For any X C Ny, (n €
N) with |X| > n, there exist x1,z2 € X with 21 # z3 and z1]|z2.

Proof. Set Y ={2m —1lm e N;,1 <m <n} ={1,3,5,....,2n — 1} each z € X
can be written in the form x = 2%y with a € Ny and y € Y. (Use the prime
factorization of  and pull out the highest power of 2 which divides x) Since y is
odd, there is precisely one way to write x in the form = = 2%y with y € Y. Hence
we can define a function f: X =Y by f(z) =y if x =2% and y € Y. By the
pigeonhole principle, there exist z1, 22 € X with 21 # 22 and f(x1) = f(z2)
because | X| > n = |Y|. If we set y = f(z1) = f(z2) € Y, then z; = 2%y with
a; € Ny for ¢ = 1,2. Since x1 # x2, we must have a; # as. Without loss of
generality, we can assume a; < as (otherwise we must renumber z; and z5).
Then xo = 2%27 %1z with 2927 € N — 21 |xs. O

Remark: There exists a subset X C Ny, with |X| =nand 1 {22 V1,29 €
X with 21 # z9, e.g.

X={nn+1.,2n—-1} (or X ={n+1,n+2,..,2n}

I will finish this chapter with some remarks on infinite sets. First an obvious
one.

Proposition 1.15. The set N is infinite.

Proof. Obviously N # () and so |N| # 0. Now assume by way of contradiction,
that |[N| = N,, for some n € N. Then there exists a bijective map f : N,, — N,
and hence also a bijective map f~' : N — N,,. Now j : N,,;; — N (the initial
embedding of N,,;1 onto N ) is injective, and hence also f~'oj: N,y — N,
is injective. But this contradicts Theorem 1.2. Hence |N| ¢ Ny, and so N is
infinite. O

Corollary 1.16. Every set which contains N (e.g. Ny, Z, Q,R, C, ...) is infinite

Proof. This follows immediately from 1.15 since every subset of a finite set is
finite. O

Infinite sets also have cardinalities but they are not numbers in the usual
sense.

Definition 1.17. (a) We say that two sets A and B have the same cardinal-
ity, and we then write |A| = | B, if there exists a bijective map f : A — B.



(b) We write |A| < |B] if there exists an injective map f : A — B and
|A| < |B| if |A] < B and |A] # |B).

(c) A set X is called countable if X is finite or |X| = |N| and uncountable if
|X| > N.

I will mention without proof a few interesting facts about infinite sets.

Facts 1.18. (a) If A is countably infinite, and B C A is any infinite subset,
then |B| = |A4|(= N).

(b) If A is uncountable and B C A is countable, then |4\ B| = |A|.
(¢) Q is countable and R is uncountable.

(d) For any set X, |P(X)| > |X|, where P(X) is the power set P(X) :=
{Y|y C X}.

(e) The Schréder—Bernstein theorem If two sets A and B satisfy |A| < |B|
and |B| < |A|, then |A| = |B|.

(f) A countable union of countable sets is countable.

2 Principles of Counting

The addition principle refers to the following:

Proposition 2.1. Assume that A, ..., 4,, are n finite sets (n € N) which are
pairwise disjoint, i.e. A;(A; =0 Vi# j. Then

A=) 14
i=1 i=1

Proof. The claim is proved most conveniently by induction on n.

n =1 (induction basis): |A;| =Y, |A;] is trivially true.

This proof is an example of an induction proof where the case n = 2 needs to
be proved separately since it is used in the induction step.

n =2: If Ay, A, are finite sets with Ay () Az = 0, then |A; U 42| = |A1| + |As].
This was proved in Proposition 1.5

Induction Step: Assume the claim is true for n = k with k£ > 2. We want to
show that is then also true for n = k + 1. So let k 4 1 pairwise disjoint finite
sets Ay, ..., Ag, Ap4+1 be given. We have to show |Uf:11 Al = Zfill |A;]. We
want to apply the case n = 2, or rather Proposition 1.5, with A = Ule A; and
B = Ag41. But in order to do this, we need to verify the assumption A B = (.
Here we are using Exercise (1)(a) of Homework # 1 (and A; ([ Ar11 =0 V1<
i <k):

k k

AN B = (U 40Nk = Ui Ak = 0= 0.

=1 i=1 i=1



Hence Proposition 1.5 implies |A|J B| = |A| + |B|. Now we are also using the
Inductive Hypothesis which yields

k k
Al =1 Al =14l
1=1 =1
Putting things together, we get
k+1 k k k+1
U Al =1 AU Akl = 1A Bl = 1AI+1B] = Y [Ail + A | = Y A4l
i=1 =1 =1 1=1

O
Corollary 2.2. If A and B are two finite sets, then |A|J B| = |A|+|B|—|A ) B|-

Proof. Tt is easy to verify that A(J B is the disjoint union of A\ (A B), B\
(AN B) and AN B (left as exercise). Applying 2.1 with n = 3, we get

(1A Bl =4\ (A[B) + B\ (4[| B)| +|A( B|

Now A is obviously the disjoint union of A\ (A B) and A() B. Hence by 1.5,
Al = [A\N(ANB)|+|ANB| = |[A\ (AN B)| = |A] — |AN B|. Similarly, we
get |[B\ (AN B)| = |B| — |A[) B|. Plugging this into (*) above, we obtain

| AU BI = (1Al - [A(")B)) + (|B| — |A[ ) Bl) + |A( B|

= |A[+ B~ |A[ ) BI.
O

Corollary 2.3. (”Generalized Pigeonhole Principle”)
If f: X — Y is a map between two finite non-empty sets and |X| > r|Y| for
some r € N, then there exists y € Y with [f~!(y)] > r + 1.

Proof. Set |X| = m,|Y| = n € N. Let y1,...,y, be the n distinct elements
of Y,ie,Y = {y,...,yn} and set X; := f~1(y;) for 1 <i < n. Then X =
UL, X (ze€X — f(x) =y; forsome 1 <i<n—zeX;) and z;(z; =
0 Vi # j (it’s impossible for any z € X to satisfy f(z) = y; and f(z) = y;
since y; #y; Vi # j).

So we can apply the Proposition 2.1 and get:

m = |X| :|UX2‘| :Z|Xi|
=1 =1

Now assume, by way of contradiction, that |z;| < r V1 < i < n. Then it
followed that m < Y. ;r = n-r, ie. |X| < r|Y|. However, we are given
that | X| > r]Y|, yielding a contradiction. Hence there exists (at least one )
yieY (1<i<mn)with |z;| >7r+1,ie [f~Hy)| >r+1. O



The pigeonhole formulation of 2.3 would go as follows: If m letters have to
be distributed into n pigeonholes, and m > r - n for some r € N, then there
exists a pigeonhole which receives at least r 4 1 letters.

Example 2.4. In a group X of 100 people, there will always be at least 9 whose
birthday is in the same month.

Set Y = { months of the year }, so |Y| = 12, and consider f : X — Y with
f(z) = month in which person z has his/her birthday. Since |X|= 100 > 96 =
812 = 8- |Y], there exists a month y with |f~1(y)| > 8+ 1 =29, i.e. there are
> 9 people who have their birthday in month y.

A more sophisticated example is the following: (Here the application of 2.3 itself
is trivial but it is not easy to see how the generalized pigeonhole principle can
be applied at all.)

Example 2.5. Let X be any group of 6 people in which any two of them are
either mutual friends or mutual strangers. Claim: there exists a subgroup of 3
people who are all mutual friends or are all mutual strangers.

Graph Theoretic Representation: Assume that in the complete graph K,
with 6 vertices and 15 edges all edges are colored either red or blue. Then there
will be a red or blue triangle.

KGZ

10
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Proof. For x5 € X, set X! := X \ {z0} and define f : X' — Y := {F,S} by
F if is a friend of x
f(x) = { ’

. Since 5 = |X'| > 4 = 2|Y|, 2.3 tells us
S ifr and z( are strangers

that there exists y € Y with [f~1(y)| > 2 + 1 = 3. This means that there exist
3 distinct x1, 29, z3 € X such that either zg and z; are friends V1 < i < 3 or xg
and x; are strangers V1 < j < 3. This leads to two possibilities.

Case 1: 31 <4 < j < 3 such that x; and z; are friends. Then {z¢,z;,z;} is a
set of three mutual friends (red triangle).

Case 2: z; and «; are strangers V1 < i < j < 3. Then {1,229, 23} is a set of 3
mutual strangers (blue triangle). O

We are now turning to the Multiplication Principle Let’s first recall that the
definition of the Cartesian product of two sets A and B :

Ax B :={(a,b)la€ A, be B}

Here the (a,b) are ordered pairs, i.e, by definition (a1,b1) = (ag,b2) < a1 =
az, and by = by (a1,a2 € A,b1,ba € B). So if a # b, then (a,b) # (b,a),
whereas {a,b} = {b,a}. Note also that } x B = ) (there are no pairs (a,b) with
acfand AxD=0.

Proposition 2.6. If A and B are two finite sets, then |A x B| = |A| x | B|

Proof. Thisis clear if A=( or B =0. So assume m = |A| € Nandn = |B| € N.
Let by, ...,b, be the n distinct elements of B so that B = {by,...,b,} the n
distinct elements of B so that B = {by,...,b,}. Now set

A= Ax{b} ={(a,b))lac A} CAxBfor1<i<n

We observe

11



1. |A;] =|4l=m VI <i<nsince f; : A — A; is bijective (a — (a,b;)).

2. A;NA; =0 Vi#jsince (a1,b;) # (a2,b;) Vai,as € A by definition of
ordered pairs.

3. Ax B ={J_, A; :D Follows from A; C Ax B V1 <i<mnandCis
obtained as follows: Given any z = (a,b) € A x B, b € B implies b = b;
for some 1 <i<n—xz=(a,b;) € Ay, CU;_; As.

Now we can apply Proposition 2.1 and get

AxBl=JAl=][4l=5m=m-n=|4].|B|
=1

i=1 i=1
O

As in the step from Proposition 1.5 to Proposition 2.1, we can now also
generalize 2.6 as follows:

Proposition 2.7. If Ay, ..., A, are n finite sets, then
|Ar X -+ x Ay | =T | 4]

Where Ajx---x A, is the set of ordered n—tuples Ay x- - -x A, = {(a1,...,a,)|a; €

Proof. Exercise! O

Example 2.8. A typical license plate in Virginia contains a license "number”
(code) which consists of a sequence of 3 letters followed by a sequence of 4
digits, each between 0 and 9. How many different license numbers of this type
are there?

Set A = set of letters in our alphabet = {A,B,....Z} — |A| =26 B = {n €
N,n <9} ={0,1,...,9} — |B| = 10.

A;=Aforl <i<3,A;,=Bford<i<7—

# possible license numbers = |A; x As x - x A;| = II7_,|A;| by proposition
2.7.
263 - 10* = 175, 760, 000.

We are now going to discuss another important counting technique in con-
nection with Cartesian products A x B. Namely there are two ways to deter-
mine |S| for any S C A x B. Let’s assume |4| = m, A = {ay,...,an},|B| =
n,B = {b1,...,b,} (m,n € N) We can associate an m x n matrix m with S,
M=(m;;) 1<i<m,1<j<n. Where

1 if (ai,bj) es
J 0 if (ai7bj) ¢ S

12



It is clear that S| =37, 37| m;;. Now the double sum can be computed in
two ways. For any 1 < ¢ < m, we can define the row sum:

ri(8) =7a,(8) =Y _mi; ={b € Bl(ai, ) € S}
j=1
and for any 1 < j < n, we can define the column sum

¢j(S) = e, (S) = Y _mi; = [{a € Al(a, b)) € S}

i=1
. Then we get:
Proposition 2.9. [S| =" ri(S) =>"_, ¢;(S)

j=1
Proof. Y77, 7i(S) = Y270, >o7_ mij = | S| and also

n m m n

ch(S) :szij Zzzmzj =[S

j=1i=1 i=1 j=1
O

Remark: With the notation of the proof of 2.6, we have ¢;(S) = |S[) 4;].
Since S is the disjoint union S = [Jj_, (S 4;), we also obtain:

S| = Z'SﬂAj| = ch(S)

from 2.1.

Example 2.10. In a class there are m = 32 boys and an unknown number n
of girls. If each boy knows precisely 5 of the girls in class and each girl knows
precisely 8 boys in class, what is n?

Set A = {boys in the class}, B = {girls in the class} and S = {(a,b) € A x
Bla knows b}. We are given |A| = 32, r;(S) = |{b € Blboy a; knows b}| =
5 V1<i<32

¢;(S) = |{a € Algirl b; knows a}| =8 VI<j<n

. Hence we can compute:

m 32
S| = "ri(S)=> 5=32-5=160
=1 =1

and
n

1S|=> ¢;(S) =) 8=8n—8n=160—n = 20.
- ,

j: ]:1
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We are now turning to a statement which could be called the power principle.
Notation: if n € N and A is any set, then
A" = Ax---x A={(a1,....,a,)|Va; € A V1 <i<n}
—_——
n times
So the set of all possible license plates in 2.8 can also be written in the form of
A3 x B%.
Corollary 2.11. |[A"| =|A|" Vn €N, all finite setsA

Proof. This follows immediately from 2.7 by setting A; = Ay = .- = A, =
A. O

Example: [{0,1}"] =2"
Another interpretation of A™ each ordered n—tuple (ay,...,a,) € A™ can be
identified with the function f : N, — A satisfying f(i) = a; V1 < i < n. This
idea will now be generalized.

Definition 2.12. For any two non-empty sets A and B, we define A® := {f|f :
B — A is a map from B to A}.

Example: AN»=4"
Proposition 2.13. For any two finite non-empty sets A and B, we get |AP| =
|AJIBI.

Proof. Set m = |A| and |B| = n with m,n € N. We have to show |AZ| = m".
Since |B| = n, there exists a bijective map g : N,, — B. We will use g in-order
to define a bijective map H : AP — AN~ Namely, for any f € AP, which
isamap f: B — A, we define H(f) := fog: N, — A, which means that
H(f) € A™

In order to show that H is bijective, we define a map

K : AN 5 AB, K(f):=fog™t Vf Al

14



Now we verify

(KoH)(f)=K(H(f))=K(fog)=(fog)og ' =fo(gog™)=foidg=f

for all f € AP ie. Ko H =idyB, and
(HoK)(f)=H(K(f")=H(f'og™')=(fog ) og=foidy, = [’

For all f/ € AN» ie., Ho K = idsN,. This shows that H is invertible, with
H~! = K, implying that H is bijective. It follows that |A®| = |AN~|. Now 2.11
implies

|AP| = || = |4 = |A]" = m" = |A]lP]

Corollary 2.14. For any finite non-empty set X we get
{0, 1% = 21X

Next we want to set up a bijection between {0, 1}* and the powerset P(X) :=
{A|A C X}. For this we need the following.

Definition 2.15. If X is any set (possibly infinite) and A C A, we associate
the characteristic function x4 : X — {0,1} to A, which is defined by:

)1 ifreA
M=o itrex\4
Special Cases: x4 =1 on X and xp =0 on X.
Proposition 2.16. For any (possibly infinite) set X, the map
X : P(X) — {0,1}¥is bijective, and hence| P(X)| = |{0,1}*]
Proof. (a) x is injective. Assume we have subsets A, B C X which satisfy x4 =
xB- Then it follows for all x € X:
€A xalr) =1 xplz)=1<2€B

So A and B have the same elements and A = B follows.
(b) x is surjective.
Let f € {0,1}% be given, i.e. f: X — {0,1} is a function. We want to show
that f is in the image of x. Set
A={zeX|f(x)=1} C X
Then
f(z) =1=xa(xr) Vz e A(since f(z) =1 implies z € A)
and
f(x)=0=xa(z) Vze X\ A(since f(z) =0 implies = ¢ A)

So f and x4 are both functions from X to {0,1}, and they satisfy f(x) =
xa(x) Vze X. Hence f=xa = x(A). O

15



Corollary 2.17. For any finite set X, |P(X)| = 2/¥XI.
Proof. For X = (), we get

PO)] = {0} =1 =2° = 207
For finite X # (), 2.16 and 2.14 imply,
|P(X)| = {0, 1}¥| = 2%
O

Side-Remark Corollary 2.17 (*) is the reason why in some mathematical pa-
pers and books the power-set of X is denoted by 2% (*) respectively, Proposition
2.16

Theorem 2.18. (G. Cantor) If X is any set, then there exists no surjective
function f: X — P(X)

Proof. If a surjective f : X — P(X) existed, then also z o f : X — {0,1}" were

surjective, since X is bijective by 2.16. So it suffices to show that there is no

surjective map G :— {0,1}*. Given such a map G we construct f : X — {0,1}
as follows

1 ifG =0

For any = € X set:f(z) = { if G()(z) )

0 if G(x)(x)

Keep in mind that G(z) € {0,1}¥ is a function from X to {0,1}. So G(z) can
be evaluated at z, and G(z)(z) = 0 or 1. But now G(x) # f Vz € X since (by
definition of f) G(z)(z) # f(z). Note that the functions G(z) and f are distinct
if there exists one element of the domain X (here the element is ) where the
two functions differ.

f#G@x) VreX & féG(X)— GX)#{0,1}F

Hence G : X — {0,1}¥ is not surjective, and no surjective function F : X —
P(X) can exist. O

Corollary 2.19. For any (finite or infinite) set X, | X| < |P(X)]|. In particular
P(N) is uncountable.

Proof. Since f : X — P(X), f(x) = {z} Vz € X is obviously an injective
map, we have |X| < |P(X)|. However, by Theorem 2.18, there cannot exist
a surjective and in particular not a bijective map from X to P(X). Hence
|X]| # |P(X)], and | X| < |P(X)| follows (see Def. 1.17). For X = N, we obtain
IN| < |P(N)|, and so P(N) is an uncountable set. O

Remark: It can be shown that |R| = |P(N)|. Whether or not there exists
a set S with |[N| < |S] < |P(N)| is a statement which is independent of the
standard axioms of set theory (see “continuum hypothesis”). Let’s now return
to A™, where A is a finite non-empty set with m = |A| € N, namely as the set of
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all functions from N,, to A, AN». Yet another interpretation is the following. A"
is the set of all ordered selections with no repetition of n elements from A. So
(a1, ...,a,) € A™ is interpreted as the ordered selection of the elements ay, ..., a,
from A (it matters in which order these elements are chosen), where repetitions
are allowed (i.e. we may have a; = a; for some ¢ # j). With this interpretation
2.11 becomes:

Corollary 2.20. If |[A] = m € N, then there are precisely m™ ordered selections
with repetition of n elements from A.

Question: What about ordered selections without repetitions?
An ordered selection without repetitions of n elements from A is an element
(a1,...,an) € A™ with a; # a;Vi # j. Equivalently, we have:

{ordered selections without repetitions of n elements from A} = {f € AN»|f is injective}

How many elements are there in this set?

Proposition 2.21. If |A| = m € N, then:

Hm

I ifn<
Hf e ANn|f is injective}| = { l=m—n+1¢ U NSM

0 ifn>m

Proof. First note that there are no injective maps f : N,, = A if n > m = |A4]
(pigeonhole principle; see 1.2 and 1.4 or 1.9).

For 1 < n <m, the standard (slightly imprecise) argument goes as follows: for
any injective f € AN,

f(1) € A — |A| = m possibilities for f(1)

f(2) € A\ {f(1)}(since f(2) # f(1) = m — 1poss. for f(2)

f(n)e A\N{f(Q),....f(n—1)} > m— (n+1) poss. forf(n)

Hence there are m(m—1) - - - (m—n+1) possible choices for an injective function
f: N, = A. A rigorous proof for this claim would use induction on n (or m).

For n = 1, any function from N; = {1} to A is injective so that {f €
AN\f is injective _ |A1‘ — |A| — m}
For n > 2, we first list the m elements of A in some form and write A =
{a1,...,am}. We then define

S ={(x1,...,xn) € A" x; #x;V1 <i# j <n}
and

Sk i={(x1,...;zn) € S|y, =ap} for 1 <k <m

17



Note that S is the disjoint union S = (J;-, Sk and hence |S| = >"7" | [Sk| by
the addition principle 2.1.
Now for each k, the map gy : S, — S}, with

and
gk ((x1, ..oy xy)) = (21, ..., Tp—1) is bijective (verify this!)

So that |Sk| =S| V1 <k <m. But
Skl = (m =1)(m=2)--((m—=1) = (n=1)+1)

=(m-1)(m-2)---(m—n+1)
By the induction hypothesis since [A\ {ar}| =m —1 V1 <k < m. It follows
that

{f € A"|f is injective}| = |S| = | U Skl = Z |Sk|
k=1 k=1

=Y (m—=1)--(m-n+1)=mm—1)--(m—-n+1)

as claimed. O

Definition 2.22. For m,n € N with n < m, we set
(M) = mlm —1) -+ (m —n+1) =T}, 0

and
ml=(m),=1-2-3---m

m! is called “m factorial”. It is also common to define 0! := 1.

Example 2.23. A coach has to put together a relay team consisting of 4 run-
ners. He can choose among a group of 10 men. How many possible relay teams
are there assuming that the order in which the men are running matters?
Answer: The task for the coach is to make an ordered selection without repeti-
tions of 4 runners from a group of 10 men. According to Proposition 2.21, there
are a total of (10)4 = 10-9-8-7 = 5040 of such selections possible.

An import special case occurs if m = n in 2.21. Recall that a function f : N,, —
|A|, where |A| = n, is injective if and only if f is bijective, see Proposition 1.7.
Hence Proposition 2.21 immediately implies

Corollary 2.24. If |[A| = n € N, then

{f € AN

f is bijective}| = n!
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Example 2.25. If a group of 7 people is asked to line up in a row, how many
different rows can be formed with these 7 people?

Answer: Considering each row as an ordered selection without repetitions of the
7 elements of A = group of 7 people, 2.24 yields that there are 7'=1-2-3-4-
5.6 -7 = 5040 possibilities.

Definition 2.26. (a) For any non-empty set X, a permutation of X is a
bijective map f : X — X. The symmetric group of X is defined as

S(X) :={f|f is a permutation of X'}

We shall see later that S(X) with composition as a group operation is
indeed a group in the sense of (abstract) algebra.

(b) The symmetric group of degree n is defined as

Sp = 8S(N,) = {f : N, = N,|fis bijective }
Plugging in N,, for A,2.24 immediately implies

Corollary 2.27. |S,| = n!Vn € N An immediate generalization of 2.27 is the
following

Proposition 2.28. For any finite non-empty set X with |X| = n, we get
|S(X)] = n!

Proof. Exercise! O

Hint: Set A = X in 2.24. Then replace N,, by X and show, using a sim-
ilar strategy as in the proof of 2.13, that |[{f € XNnlfisbijectiver) — (¢ ¢
XX|f" is bijective}|.

3 Subsets and Binomial Coefflicients

In chapter 2, we discussed ordered selections with and without repetitions, of
elements from a finite set. In this chapter we will consider unordered selections
of elements from a finite set. It is easier to start with unordered selections
without repetitions. We will restrict our attention to finite sets.

Definition 3.1. For r,n € Ny an n—set X with |X| = n. (So the only 0-set is
X = (). An r—subset of an n—set X is a subset Y C X with |Y| = r. Note
that in this case 1.4 implies r < n.

Remark: An unordered selection without repetitions of r elements from an
n—set X is the same as an r—subset of X. Selecting r different elements x1, ..., x,
from X without paying attention to the order in which these elements are chosen
is the same as selecting the r—subset {x1, ..., 2, } of X.

Proposition 3.2. For r,n € Ny with » < n and any n—set X, we obtain
{Y|Y is an r — subset of X }| = ("T)!)T = ol

rli(n—r)!
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Proof. Set T = {(x1,...,x,) € X"|z; # x;Vi # j},
S ={Y|Yis an r-subset of X}

and define, f : T — S by f((z1,....,2r)) = {z1, ..., - }V(x1, ..., @) € T. We
know from Proposition 2.21 that |T| = (n),, and we want to compute |S|. Since
T is the disjoint union 7' = {Jy ¢ f~(Y) (Compare with the proof of 2.3), the
addition principle 2.1 implies |T| = 37 ¢ [f~(Y)|. But it is easy to see that
for Y ={x1,...,2.} € S, i.e. z1,..., 2, are r distinct elements of X, we get

f_l(Y) = {x,r(l), ...,xﬁ(r)|7r S Sr}

It now follows from Corollary 2.27 that |f~1(Y)| = |S,| = 7! for any Y € S.
Putting things together, we get:

=|T| = Z|f )|=Zr!:|5\'r!—>

Yes Yes

|S|:(Z?T:(n)(n—l)---(n—T—&-l): n!

d ri(n—r)!

Example 3.3. (Illustrating the proof of 3.3)
X=Ns,n=5r=3—

(5)s 60
T|=(5)3=5-4-3=60,|5| = == — =10
Tl =(5)s 151= 5, 6
Y ={1,3,5}eS—|f1(Y)=3=6

and
S7HY) ={(1,3,5),(3,1,5),(5,3,1),(5,1,3),(3,5,1),(1,5,3)}

Definition 3.4. For r,n € Ny with r < n the binomial coefficient (or binomial
number) (?) (“n choose r”) is defined as

()=

One also sets (:):Oifr>norifr€Zandr<O.

Special Cases 3.5. (of binomial coefficients)
Assume n € Ny and « is an n—set.

(a) (g) = 07,’—1'1, =1=|{0— subsets of X}| = |{0}]

(b) If n > 1, then (}) = 1!(:11)! =n = |{1 — subsets of X}|
() Tfn > 2, then (1) = gty = "5 = [{2—subsets ofX}| = |{ edges of K.}
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(d) (7) = 25 =1=|{n — subsets of X }| = [{X}|

n nlo!
Corollary 3.6. For r,n € Ng with r <n, (") = (")

n—r

Proof. This follows immediately from Definition 3.4 since

(Z) T (- r)!(nni n—m) (n —ni«)m - (:)

But it also follows from 3.3 since (where | X| = n)

[{r — subsets of X}| = |{(n — r) — subsets of X}|

Since f : {r —subsets of X} — {(n—r)—subsets of X} defined by (V) =X\Y
for any r subset Y of X is bijective because

g:{(n—r)—subset of X} — {r — subsets of X}

with g(Z) = X\ Z V(n — r)—subsets of X is inverse to f (check this!). Note
also that the addition principle 2.1 (or just 1.5) implies

(X| = [X\Y[+ Y] = [X\Y]= X[ - Y] = X\Y

is an (n — r)—subset of X if Y is an r—subset of X.

Corollary 3.7. > (7) =2"

Proof. If X is any n—set e.g.X = N,,, then |P(X)| = 2™ by 2.17. If we set
S, = {r — subsets of X}m then it is clear P(X) = >_"_, s, is a disjoint union.
Hence |P(X)| = 3", |s,| by the addition principle. But |S,| — (7) by 3.3. It
follows that 2" = |P(X)| = " [si] = 57—y (). 0

One of the most important properties of the binomial coefficient is the fol-
lowing which is also know as Pascal’s Formula:

Lemma 3.8. For n € N and r € Ny,
()-Co0)=()
= +
r r—1 r
Proof. For r > n, we get 0 = 0+ 0. According to definition 3.4. For r = n,
-1 -1
=)0 () e
n n—1 n
n n—1 n—1
= = ]_:
(o)== ()= (")

21
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which is also true. Let’s finally consider the main case 1 < r < n:

<n—1>+<n—l>:( (-1, - =Dt m-rm-1)

r—1 r—Dln—7r) rln—r—1) rl(n —r)!

o= ()

This formula leads to a way to organize the binomial coefficients (:‘) forn,r € Ny
with » < n in the form of a triangle. O

r

Pascal’s triangle 3.9.

"o 0

- OING

- CIC IRE
nes I I B

Pascal’s formula has many important consequences. Here is one which we apply
in the following:

Lemma 3.10. For any r € Ny and any n € Ny we obtain

zr: (k—i—n) B <n+r+1>

P n n+1

Proof. Exercise! O
The next application of Pascal’s formula is the

Theorem 3.11. Binomial Theorem for n € N and any z,y € R(C), we obtain

(z+y)" = 21: (2) abyn=r

r=0
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:xn+nxn—1y++ (:)$71—ryr+nxyn—l +yn

Proof. By induction on n.
n=1

1
1 1 n
(z+y)l=24+y= <O>x1y0 + <1>x0y1 = Z <T>xnryr

n > 2, by the induction hypothesis (z + y)"~ ! = Z:;& (”'_1)x”_1_ryr This
implies

n—1
— n—1 n—1—r_ r
@ =@t =@ Y (")t
n—1 n—1
-1 -1
_ Z <TL )xnryr + Z <7’L )xnlryr —
r=0 " r=0 "
n—1 n 1 n—2 n 1
n - n—r, r - n—1—r_ r4+1 n
@ e (M) ()

=:S

Using the substitution & = r + 1, we can write the sum S as follows: S =

3 _ _ . . .
wo1 (77))n~*y*. But now we can again rename the summation index and

get,



Remark 3.13. 3.12 immediately implies, with > 0
(z+1)">14nzx VzxeR
It is less obvious, but it can also be proved that
I+z)">14nx YneNVzelR
With > —1. (?Bernoulli’s Inequality *)
Corollary 3.14. (a) >r_, () =27
(b) 0o (2) = (2) =271

Proof. Both equalities follow from 3.12.

(a)

(v) T n -
0=0"=(-D+1)"= Z:; () (-1)" =
T_O%;"en) C:) ) T—lz(c;dd) CL) ” r:;s:ven (:> B r=1 (odd) (2) ¢

Remark 3.15. Using Proposition 3.3, 3.13 (b), can be reinterpreted as follows:
For any n—set X, we get

HY € P(X)||Y| is even}| = |[{Y € P(X)||Y] is odd}|
Lemma 3.16. Y ;_, (2)2 =(>") ¥neN
Proof. Set X =Ns,,, Y =N, and
Z=X\Y={ieNn+1<i<2n}

Then obviously, X is the disjoint union of Y and Z. And for any subset A C X,
Ais the disjoint union of A(Y and A()Z. We can introduce the following sets:

2n

R :={n —subsets ofX} = |R| = (
n

> by3.3
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For any k,l € Ny with 0 < &k, < n we define

Sk := {k — subsets of Y} — |Sk| = (Z) by 3.3

n

T, := {l — subsets of Z} — |T}| = (l

) by 3.3

n

U .= U Si X Ty,_, which is obviously a disjoint union —

k=0
U| = f 1Sk % Ti| = f 1Su| % |T; ,k|:§n T
NV n—kl\ n ) \n—k
2.1 k=0 2.6 k=0 k=0

This implies, using 3.6, |U| = Y_;_, (2)2 To see that |R| = |U| we define two
maps:
f:R—=U ¢g:U—=R

A— (AY,A(2) (B,C)— B|JC
. One easily verifies (do this!) that f and g are inverse to each other. Hence
n n n\ 2
IRl = Ul = () =250 (3) N

Recap 3.17. What we have so far regarding selections in the following, r,n € N
and X is an n—set.

(a) |{ordered selections with repetitions of relements fromX }|
X =
(see 2.11 and 2.20)

(b) |{ordered selections without repetition of r elements from X }|

(n), = (n%;), ifr <n

0 ifr>n

= H{(z1,..,xr) € X s £z, Vi#j}= {

(see 2.21)

(¢) |{unordered selections without repetition of r elements from X}|

T

0 Ifr>n

™ Ifr <
:{T—SubsetsofXH:{() r<n

(see 3.3)

(d) |{unordered selections with repetition of r elements from X }| =7
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Example In a bag, there are a red, a blue, and a green ball. If one retrieves
one ball from the bag, puts it back in the bag, and then repeats this procedure
7 times, how many unordered selections with repetition of 8 balls do you get?
For instance, RBRBRBRB would be such a selection, which is considered to
be equivalent to RRRRBBBB but not to RRRBBBBB. Let’s try to make
the concept of an unordered selection with repetition more precise.

Definition 3.18. Let X = {z1,...,2,} be an n—set. An unordered selec-
tion with repetition of r elements from X is a sequence [z;,,...,%;,] with
ij € {1,...,n} for 1 < j <r, with the convention that

(i, .. 23] = [y, 2] if there exists m € S, such that i} = ir(;) V1 < j
Example
n=3,r=4 [r2,x1,22,21] = [x1, T2, T1, T3]
=20 =1y = 2,0 = ;i = L,iy = 2,i, = 1,d, = 2
me Sy withm(l)=2,7(2) =1,7(3) =4,7(4) =3

Fortunately, there is an easy and unique way to write down these selections with
repetitions, namely in the form

L1yeeey L1y L2y eeeyL2yeeey Ly eery Ly
—— N—— N——

mq times mo times m, times

Where my,...,m, € Ny and 2?21 m; = r. Here m; = 0 simply means that
x; is not an element of the selection. In other words, there is a one-to-one
correspondence between the set of all unordered selections with repetition of r
elements from X and

N(T’ TL) = {(mlu 7mn) € Ngl ij = /p}
j=1

we set
N(r,n) := |N(r,n)|, and the above discussion shows

N(r,n) = {unordered selections with repetition of r elements from X}

Proposition 3.19. N(r,n) = (":’_;1) = ("+:_1) Vr € Ng,n € N.
3.6

Proof. By induction on n.

n=1:

N(r,1) = |{my € Nolmy =r}| = [{r} =1 = (g)

To see how the induction works, let’s do the cases
n=2

N(r,2) = |{(m1,m2) € N3|m1 +mg =71} & my =7 —my
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:mi_0|{(r—m2,m2)}| =m§;1 =r+l= (Tl)

N (r,3) = [{(m1,m2,m3) € Nj|m1 + ma +mg = r}|

H{(m1,ms) € N3|my 4+mg =17 — m3}|

m=3
Set k=r—mg3
= {(m1,ma) € N§|my +my = k}|
k=0
NN = = zr:(k+1)7(r+1)(r+2) _ (7”+2>
’ ~— 2 2
k=0 n=2 k=0

It’s now clear how to generalize the argument used for the case n = 3 in order
to carry out the general induction step. n —1 —n:

N(r,n) = [{(m1,...,m,) € Nj| ij =r}
j=1

T n—1
= Z H{(ma,.smp_1) € N8_1| Z mj =1 —my}|
mqy,=0 j=1
= Z N(r—my,n—1) :ZN(k,n—l)
My =0 k=0
By the I.H,
o " ntk—2 _ (n+r—1
B n—2 ~— n—1
k=0 3.10

O

Example 3.20. Picking 1 ball out of a bag with a red, a blue, and a green ball,
putting it back in the bag, and doing this 8 times corresponds to an unordered se-

lection with repetition of 8 elements from the set X = {red ball, blue ball, green ball}

with | X| = 3. Hence by 3.19m there are (*1*7") = (%) = 142 = 45 possible
outcomes.

Example 3.21. How many possible outcomes are there if one throws 3 dice
simultaneously?

Clarification: We are only interested in the outcome of the throw not which
die shows how many dots. For instance we do not distinguish between.

Dy Dy D3 D, Dy Ds
(2 3 5) and (5 2 3)
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So the question is equivalent to determining the number of unordered selections
with repetition of 3 elements from the set X = Ng. Hence there are

6+3-1 8 8-7-6
( 61 ) (5> 3 56 such throws

(See also Exercise 2 of section 11.2 on page 110 in [B]. The result 56 is given
without explanation on that page, and the general amount for throws with n
dice on page 413.)

We are now going to give yet another interpretation of binomial coeflicients
which naturally leads to a generalization namely multinomial coefficients.

Question 3.22. If one has n objects of two types, where the objects of the
same type are indistinguishable, with r objects of type 1 ( and hence n — r
objects of type 2), how many different ways are there to put these n objects
into n different boxes?

Reformulation: How many elements of {1,2}" have precisely r coordinates
=17 (Objects: numbers 1 and 2; Boxes: n coordinates). Answer:Since these r
out of the n coordinates to be filled by 1’s this means that we have to choose

an r— subset of the n—set N,,. Hence, by 3.3, there are (:f) possible choices.

Generalization 3.23. Suppose we are given k,n € N and k numbers rq, ..., 7 €
Ny satisfying Zle rj =n.
How many elements of N} have m1’s,r22's, ..., rk’s?

Definition 3.24. For k,n € Nand r; € Ng, 1< j <k with Z?Zl r; =mn, we
define the multinomial coefficient.

n n!
Ty ey Tk rilooorg!

Note that for & = 2, we get the special case:

( n ) - (n) = (n) (recall that r1 +ro = n)
1,72 1 2

Proposition 3.25. For k,n € N and rq,...,7. € Ny with Zk,

=173
obtain [{(as,...,an) E NP|{l <i<nla; =j}|=r; VI<j< k‘i| =

( ; >
r1,72,y..., Tk

Proof. There are (fl) possible places for the coordinates to be = 1

Then there are (";2”) remaining possible places for the coordinates to be = 2,

= n, we

n—mry—ro—...—Tp—-1

. ) = 1 options remaining for the coordinates

Finally there is (
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=k.
It follows that [{(a1,...,a,) € N}[{1 <i<nla; =j}|=7r; V1I<j<k} =

)

n! . (n—mr)! (n—r1— ... —rg_2)! '(nfrlf...frk_l)!

ril(n—r)! rol(n —r1 —ro)! rmeil(n =711 — =gy 71!0!
n! n
rilrgl oyt T1,79, ey Tk

Example 3.26. How many 11-letter “words” can be made from the letters of
the word ABRACADABRA?

Here we have n = 11 and k = 5 (number of letters in the set {A, B, C D ,RY})
with 7 = 5 (= occurrence of A), ro = 2,r3 = 1,14 = 1, r5f2%(

11!
51212!

O

5,2, 1 1 2) =
= 83,160 words can be formed from these letters.

We are now getting to the reason why these numbers are called “ multinomial
coefficients”.

Theorem 3.27. Multinomial Theorem. For n, k € N and any z1, ..., z, € R(C)
we obtain,

n
rvmr= 2 (7 Ve
T1,...,7k ENg Ly-eentk
ritotrE=n
Proof. By induction on k.

k=1:
Z " " = " = a2}
~\r n)*1 1

T1=n

k = 2 : This is the binomial theorem:

n
n : n 0o
E eyt = E ey T
T1,T2 r,n—r

r1,72E€Ng r1=0
ri+reo=n

k> 3:
(w1 4+ Fap)" = (w1 4+ T2 + (Tp—1 +21))"

By the Induction Hypothesis:

n TR—2
. +
E (ﬁ - m)xl S (Tp— )™

ey Tle—
T1,...,Tk—2,mENp e k=2
r1+...+rg_2+m=n
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k=2 n r m r m—ry_
= E ( )x?"'xkkzz § : < )xkk PR
T1yeo ey Tk—2,M Tk—1

Tlyeeny Tk—2, MENQ rr—1€Ng
ridFrE_ot+m=n 0<rp_1<m

n m r r r
— 1 k—2 k—1_ Tk
= E E < >( >I’1 . Ik Q‘Tk lxk
~~ T1yeees Th—2,M Tk—1

by the distributive law 71t tTk—2+tm=n 1k _1+7K=m

n Th—1 +Th—2\ r Th
Vv _ 1y ee s Tk—2,Tk—1,Tk Tk—1

by rewriting the previous sum: 711 +TE=n

n
= E < )m’;l ...x;rk
Tl oy Thk—2,Tk—1,Tk

r1+...+rr=n

- it
Since (”'1;-~~""k—§7"'k—1+7“k) (Tkrk1—1rk>
n! (rg—1 +7)!

Tl!"'rk—Z(Tk—l +Tk)! Te_1!rg!

n! ( n )
7‘1!“-7“]@,2!7’]9,1!7“]@! ~ \T1, .., Tk
def.

O

Example 3.28. Compute (z +y + 2)*(for z,y, 2 € R). If we want to apply the

multinomial theorem, we need to compute the multinomial coefficients (a‘éc)
for a,b,c € Ny with a + b+ ¢ = 4. Note that any permutation of a, b, ¢ yields
the same multinomial coefficient. So we may assume a > b > c.

. 4 4!
4 =4+0+0 gives us <4’0,0> = o0l = 1

4=3+1+0 gives us (3 1 0) 3'“0' =

4:2—|—2+0givesus<2

2'111' -

2 0) 2'2'0'
4=24+1+1gi
+ 1+ 1 gives us<2 1 1>

If we write (x +y + 2)* as a sum, we get

3+4-1 6
3 _ _ _ -
{(a,b,c) e Ngla+b+c=4} = ( 3_1 >—<2)—15

3.19
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terms of the form z%P2¢. But recall that (,3.) = ( : ) if (oY, ) s

a,b,c a’,b’,c
obtained from (a, b, ¢) by a permutation. That’s why we only needed to compute
4 of the multinomial coefficients here. So the final result is the following:

(@+y+2)t=at+y' + 2
+a(z3y + xyP + 23z + x2 +yP2 + 2By)
6(22y? 1 2222 +1222)
+12(22yz + xy?z + xy2?)

There are, like for binomial coefficients, many formulas for multinomial
coefficients. Let’s just mention the following generalization of 3.14 (a).

Corollary 3.29. For any k,n € N, we obtain:

' =14 -4+1)"= Z <r17.7.1.,7"k)'

T1,...,7xk ENg
rit+rE=n

4 The Inclusion-Exclusion Principle, Euler’s and
Mobius’ functions
In the following, Ay, ..., A, are n finite sets. Under the assumption that A; (| A; =

OVi # j, we derived in 2.1 that ||J , A;] = > i_, |A;| (addition principle).
Without assuming A; () A2 = ), we observed in 2.2 that

Ay UAQ = |A1]| + |A42] — |As ﬂA2|

We are now going to deduce a generalized formula for ||J;_; A;|, which is the
most basic form of the inclusion-exclusion principle.

Definition and Remark 4.1. Given the finite sets Ay, ..., A, and k € N with

k <n, we set
n
ap= > )4l

1<iy < <ip<n j=1

In particular
n

ar =Y Al =) Al

i1=1 i=1

ax= Y A Aland | (A (i =WV1<j<nifk=n)
j=1

1<i<l<n

In general, the number of summands in oy is

[{ (i, omrin) € NEIL <y <ip < -+ < iy <}
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= |{k — subsets ofN,, }| = (Z) by 3.3

(IF we require 1 < i; < --- < i, < n for k—tuples (iy,...,ix) € NE_ then they
correspond bijectively to subsets {i1,...,ix} C N,,.)

Theorem 4.2. [|J_, A;| = > _ (—1)" ey

Proof. By induction on n.

n=1:
|As] = (1) = |Ay]
n=2:
2
A A2l =D (D) T = a1 — aa| = [Ay] + |Ag| — [A) — Ay| by 2.2
k=1

We now carry out the induction step n — n 4+ 1 for n > 2: Given n + 1 sets
Ay, ..., Apy1, we have to show

n+1 n+1
U Al =S 0
i=1 k=1
, where
k
@ = (At ey Appy=s, o | [ Ayl for TSk <nt1
j=1
Writing
n+1 n
U A; = (U Ai> U An+1 and using the case n = 2, we first get
i=1 i=1
n+1 n

| U Al = UAi| + Apta| — | <U Ai) () Ans1(%)

Note that by Example 1 of Homework # 1 (U, 4;)NAn11 = Ui (A Ang1)

= U Al where A := AiﬂAnH Vi<i<n
i=1

Using the inclusion hypothesis to |J;_; A; as well as [J;_; A; we get

Ual=S e Y 4l

i=1 k=1 1<iy<--<ip<n j=1
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and
n

n k
Uar=Y 0 3 104

k=1 1<iy <-<ip<n j=1

k k k
Now observe that (V;_; A;, = ;1 (Ai; N Ant1) = Nj=1 Ay, N Anta
Hence we can also write

n n k+1
A =2 > 1) Al
i=1 k=1 1< < <igp<igp1=n+1 j=1
n+1 !
(I=k+1) :Z(_1)l—2 Z I ﬂAij
1=2 1<ip<--<ip_1<ij=n+1 j=1

whereas,
n n n k
Al =21+ > 0 Y 1) Al
i=1 i=1 k=2 1<ii<-<ip<n j=1
Plugging this all into (x), we get
n+1 n+1 n+1

n k l
TURTED SIENES S ILSD DRI AP D DN g P

i=1 1<i1<-<igp=n j=1 1<iy<--<iy=n+1 j=1

n+1 k
DR DS D DR A 1T
j=1n+t1 k=2 1<ii1 < <ipg<n+1l j=1
——
=d;
n+1
> (1)
k=1

Corollary 4.3. |A; + Ay + As]
= |A1] + |Aa| + |As| — [A1 () A2| — [A1 (N A3| — [A2 (N A3| + A1 ) A2 () A3

Remark 4.4. Note that in the sum in 4.2 each «y, is itself a sum of (k) in terms
by 4.1 hence the total number of summands in this expression for || J;_; 4;| is

2(2):2"—1

k=1

by 3.14(a)
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Example 4.5. How many natural numbers < 500 are divisible by 3 or 5 or by
77 Set
A = {n € Njn <500 and 3|n}

B = {n € Njn <500 and 5|n}

C = {n € Njn <500 and 7|n}
We have to compute |A|J B|JC| First observe that

500
Al = || =166 (A= {3k € N and k <166}

500 500
|B|=|—] =100, [C|]=|=]=T1
5 7
A B| = [{n € Nn < 500 and 15n}| = | 2X] = 33
B 15

500
= < = | —| =
|A()Cl = [{n € N|n < 500 and 21|n}| 5y ) =23

500
AN B| = Nin < d =|=|=14
|A()B| = |{n € N|n < 500 and 35|n}| |55

500
| | | = [{n € Njn < 500 and 105|n}| L105

Applying 4.3 we get
|A{JB(JC| =166 +100+ 71 — 33 — 23 — 14 + 4 = 271

Theorem 4.2 is often applied in order to determine how many elements of a
given set X do not have any of a certain set of properties Py, ..., P,. In other
words, if we set A; := {z € X|z has property P;} forl < i < n, then we need to
determine | X \ U;_, 4;|. 4.2 immediately implies the following

Corollary 4.6. If A; C X V1 <i<mn, then
X\ JAil= X[ = [ Al = X[+ (-DFoy
i=1 i=1 k=1

. k . .
with ak:Zlgi1<-~<ik§n|ﬂj:1"4ij| Vi <k <nasin 4.1.
Example 4.7. In a group of 73 students

52 can play the piano
25 can play the violin
20 can play the flute
17 can play piano and violin
12 can play piano and flute
7 can play violin and flute
1 can play all three instruments
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How many of these 73 students can play neither piano, nor flute, nor violin?
Answer 73-52-25-204-17+12+7-1 = 11 students can neither play piano nor violin
nor flute.

We are going to discuss another application of the inclusion-exclusion prin-
ciple which refers to obtain elements of S,, (see 2.26).

Definition 4.8. A permutation 7 € S, is said to be a derangement of N,, if
m(i) # Vi € N,,. We set

D,, := {7 € S,|r is a derangement of N,,} C S,
and d,, := |D,,|
Examples dy = 0,dy = 1,d35 =2
Proposition 4.9. d,, =n!> (-1 L =n! >0, (-1)F L

Proof. Set A; := {m € S,|r(i) =i} for 1 <i <mn. Then D, =S, \ U, 4; in
order to apply 4.6, we need to compute oy, = Zl<1’1<~~<ik<n | ﬂ;;l Ay, | for all
1 <k <n. Now - B

k
‘ ﬂ Al = {7 € Suln(i;) = i;¥1 < j < k}|

j=1
= [S(Na \ {i5|1 < j < K}
= (n — k)! by Proposition 2.8

w= Y (nk)!-;(Z)(nk)!_Z!!

1<ip < <ip<n 4.1

it follows that d,, = [Sn| + Y p_ (= 1)*ay =

n n! - 1 - 1
T S VL Sy SEILE SH) SRR
k=1 : k=0 : '

Hence

Example 4.10. (a) dy = 4!(5; +4)=12-441=9
Elements of Dy : 4-cycles (- 6
products of 2 disjoint transpositions (-)(--) : 3

_ 1
3!
.-.):

(b) ds =55 — 57+ 4 —3) =60 —20+5—1=144
Elements of D5 : 5 cycles (+----) : 24
products of a 3-cycle and a transposition (---)(-) : 20

Remark 4.11. Since £ =e ™1 =377 | = %, Yoro (_kil,)k is already for small
n a good approximation of % It is in fact not difficult to show that d,, is, for
all n € N, the integer closest to %‘ (e =2.71828---),e~1 = 0.367787---).
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Example 4.12. At a party, 10 gentlemen check their hats. In how many ways
can their hats be returned so that

(a) No gentleman
(b) Precisely one gentleman gets the hat which he arrived in?
Answers

(a) Asks about the number of derangements of Njg. So the aswer is dig =
po, 30— 1,334,961(% = 1,334, 960.916)

(b) Set A; = {m € Sp|7(i) =i and 7 (j) # jVj # i}. It is easy to verify that
|4;| = |A,| = d,—1V1 < i < n. Since the union |J]_, 4; is disjoint, we

obtain . N .
Al =D 1A =) dn1 = ndp
i=1 i=1 i=1

However, |JI-, A; = {7 € S,|r gives precisely one element of N,,} So, in
our example, the number of ways such that precisely one gentleman gets
back his own has is

9

1
_ k _ _

10 - dg = 10!;0(—1) i = o — 1 = 1,334,960
= (a)

We will now introduce Euler’s ¢—function, whose computation is another
application of the inclusion-exclusion principle.

Definition 4.13. Euler’s function ¢ : N — N is defines as follows
o(n) = |{m € Njm <n and ged(m,n) = 1}|

Examples:
(1) =1,0(2) = 1,0(3) = 2,(6) = 2

Lemma 4.14. For any prime number p and any e € N,

- e— e 1
e(p?) =p°—p" ' =p"'p-1)=p <l—p)-

Proof. If m € N, then ged(m, p®) =1 <> ged(m, p) = 1 <> ptm. It follows that:
¢(P°) = [{m € Npe| ged(m, p°) = 1}

— [{m & Nyelptm}|
Ny \ {k-plk € Nand 1 <k < p*~ '}

_ pe _pe—l
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Lemma 4.14 can now be generalized as follows:

Theorem 4.15. If n € N,n > 2, has the prime factorization

er _ TIT

n=pi--pyr=1_ipyt iepr, ..., pr

are r pairwise distinct primes and e; € NV1 < ¢ < r, then

1

pi)

Proof. For 1 < i < r, set 4; := {m € N,|P;)|m}. Since, for any m € N,
gedim,n) =1 ptmVl<i<r<mé AV <i<r, we get

<,0(TL) - nH;N:l(]. — B (: H;:l(PiEi _ ]3i€i71)

o(n) = [N\ | Al

i=1

In order to apply 4.6, we need to determine the cardinalities \ﬂ?zl Ay, for

1<k<r.
k

1) Ai,] = {m € Ny |Pyjlm¥1 < j < k}|

j=1
{|m € anil t Plk|m}|

n
{Ipiy - Pl EN1< I < ———}

11 '.'pik

Using 4.6 it now follows that

p)=n+Y (-1)F Y
k=1

1<y < PP

" 1 1
=n(l+) (D" Y e —
k=1 1<it < <ip<r Diy Piy,
1
=nlli_,(1-—)

(3

Where the last equation follows from the lemma below applies with x; = %Vi.

Lemma 4.16. For all r € N, and all x4, ...,z € R, we obtain

H?Zl(l—l‘i) = 1+Z(—1)k Z Tjy - Ty,

k=1 1<y << <r

Proof. Exercise! O
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Example 4.17. (a) n =60 — n = 2235 = ¢(n) = (22-2)(3—-1)(5—-1) = 16

(b) n=1000 — 23-5% — p(n) = (23 — 2%)(5% — 52) = 4 - 100 = 400.
Euler’s ¢ function is related to Mobius’ pu-function, which we will introduce
now.

Definition 4.18. The Mobius’ function p: N :— Ny is defined as follows p(1) =
1 and if n > 2, with prime factorization n = p{* - - - pt~ (here p1, ..., p, are again
r distinct primes and e; € NVi)

) (—1)" ife;=1V1<i<r
n)=

0 if e; > 2 for at least one g
Lemma 4.19. ¢(n) =3 ;, u(d)g YneN

Proof. We first remark the notation ) dln, Means that the summation is taken

over all d € N,, which satisfy dln. We also verify that ¢(1) = 1 = p(1)1.
Now let n > 2 and n = p*---p¢ be its prime factorization. In the proof of
Theorem 4.15 it was shown that:

T
n
ey =ntd (D" D, =
k=1 1<ip<-<ip<r 29741 plk

This can be rewritten as follows:

p) =pWT+Y Y upaps)

k=11<iy <---<ip<r

n
= Z M(P{1 - 'Pf’")}ﬁ

pil o 'pi,.

fiyeenfref{0,1}7 1P
n
> wel )
(froied)ENG i

dzn: M(d)g

O

Lemma 4.20 is an important ingredient in the following M&bius’ inversion formula

Theorem 4.20. If f, g : N — R(C) are functions which satisfy f(n) = sumg,,g(d),
then g(n) =3>_,, u(d)f(3) VneN.

Theorem 4.21. Proof. Using the given formulas, we can compute

S i3 =Y ud Y gle)= > pld)g(c)
el

d|n dln (c,d)eSt
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with n
Sy :={(c,d) € N*|d|n and C|E}

Claim: .
Sy = Sy := {(c,d) € N*|¢|n and d|z}

Proof of the claim:

(a) S1 €S2, (¢,d) € S1 — d|n and hence 5 € N; also ¢|§ — Jk € N: kc =
% — kdc=n,cln and kd = % — d|2 — (c,d) € S

(b) S» C S
(c,d) € Sy — cln € N;d| — 31 € N with
C C

ld=2 —cld=n—dnand cl =% — c|§ — (c,d) € Sy. Since S; = Sy,
we can now write:

S i) = Y ad)gle) = 3" uldygle) =
d|n

(c,d)€S2 cln d|2

dogle) Do) =gm)> ud) =g(n)u(l) = g(n)
cln d|z d|z
=0 if 2>2 by 4.20
O

With similar arguments as in the proof of Theorem 4.21 one can also prove
the following converse of the M&bius’ inversion formula:

Proposition 4.22. If f,g: N — R(C, R) are functions which satisfy
n
Fm) = uld)g(%. then gn) = 3" f(d)vn € N
d|n d|n
Proof. Exercise! O
Corollary 4.23. >, »(d) =nVn € N.

Proof. By 4.19 ¢(n) = >4, u(d)5Vn € N.
Applying 4.22 with f = ¢ and g = idy now yields n = g(n) = de o(d). O

5 Congruences

We begin this chapter with the repetition of some basic elementary number
theory.

Theorem 5.1. For any a,b € Z with b # 0, there exist uniquely determined
a€ZandreNywitha=bg+rand 0<r <|b.
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Proof.  (a) Uniqueness If a = bqy + r1 = bga + ro with ¢1,¢2 € Z;r1,r2 € Ny
and 0 < ry,79 < |b|, then b(q; — q2) = r2 — 71 and ro —r; € Z with —|b| <
ro —ry < |b|. Since b|ry — 71, the inequalities imply ro —r1 =0 — 71 = 79;
b1 —q2) =0
b#£0
(b) Existence If a,b > 0, this is proved in Theorem 8.2 on p. 66 in [B]. If

a=0andbeZ\ {0}, we can write 0 =b-0+0¢ =r =0. If a < 0 and
b < 0, then there exist ¢’,r" € Ny with

— 41 = Q2

—a=0b +r"and 0 <7 < b

If v = 0, we can write a = bg + 7 with r = ' = 0 and ¢ = —¢ € Z.
If v #£ 0, then 0 < ' < b and hence 0 < r := b — 1" < b os that
a=b(-¢)—1r" =b(-¢ —1)+ (b—7r') =bg+r with¢q=—¢ —1 € Z and
r=>b—1"€ Nwith 0 <r < b. Finally, if b < 0, we already know that
there exist ¢’ € Z and r € Ny with a = |b|lg + r and 0 < r < |b|]. Hence
also, since |b| = —b, a = bg + r with q := —¢,q € Z.

O

Definition 5.2. We say that two integers x,y € Z are congruent modulo m
and write x =y (mod m) if m|z — y.

Examples:
2=6 (mod4) 4=7 (mod 3)

Remark 5.3. Being congruent modulo m defines an equivalence relation on Z.
More precisely: If we define, for x,y € Z, Ry by £ =y (mod m), then R is an
equivalence relation on Z.

Exercise Prove this! (Recapitulate section 7.2 in B if necessary).
Every equivalence relation R on a set .S partitions .S into equivalence classes,
see section 7.3 in [B].

Definition 5.4. The equivalence classes with respect to the equivalence relation
“ being congruent modulo m” are congruence classes. For a € Z, we denote its
congruence class by [a],, or simply by [a] if m is understood. Hence

[a]m ={b€Zla=b (modm)}
{(beZlFke Zst. b=a+k-m}
{a+ k- -mlk € Z}

Examples:
[0]z = {even integers} = [4]s = [6]2 = -~

[1]2 = {odd integers} = [3]o = [~1]a = - -
[2]s] ={..., 4,-1,2)5,...}
={2+3klkeZ}
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Corollary 5.5. (of 5.1) There are precisely m different congruence classes mod-
ulo m, namely [0, ..., [ — 1] .

Proof. Given a € Z, there exist ¢ € Z and r € Ny with 0 < r < such that a =

mq+r—=mla—r —a=r (mod m) = [a]m = [r|m, with r € {0,1,...,m — 1}.

Hence .
7 = U [r]m
r=0

. And this union is disjoint (hence a partition of Z). Since for r1,72 € N1 U
{0}r1)m = [r2]m implies m|ri—ro and —m < ri—ry <m — r1—ry = 0,71 = 1o,
Recall that two different equivalence classes are always disjoint. O

Definition 5.6. The set of congruence classes modulo m is denoted by Z,,, i.e.
Zm = {[a]m|a € Z}
= {la]m|a € No}
{[a]m|a € Ng,0 <a <m—1}
In view of 5.5 |Zy,| = m.

Using congruence classes, one can more nicely apply the pigeonhole principle
to subsets of Z (not just N), the generalizing Example 1.13 Exercise 5(a) of Homework # 1

Corollary 5.7. For any subset s C Z with |S| > m, there exist z,y € S with
x#yand mlzr —y

Proof. Consider the function f : S — Z,, defined by f(z) = [z],, for z € S. By
the pigeonhole principle, 1.9, there exist z,y € S with x # y and [z];, = [y]m,
since |S| > m = |Zy,|. But [z]m = [y]m means that

x=y (modm)<+ mlx—y

We will now introduce some computation rules for congruences.

Lemma 5.8. Assume that z1,29,y1,y2 € Z satisfy 21 = 25 (mod m) and
y1 = y2 (mod m). Then

(a) 1 +y1 =22+ y2 (mod m)
(b) z1y1 = (mod m)
(¢) 2 = (mod z)§ (mod m) VnéeN

Proof.  (a) We are given that m|x; — z2 and m|y; — y2. But then also m|(x; —
22)+ (y1 —y2) = (1 +y1) — (r2 +y2), which means that x1 +y1 = x2 +yo
(mod m).
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(b) Since m|x; — zo and mly; — yo2, we also have
ml(x1 — x2)y1 + (Y1 — Y2)T2 = T1Y1 — TaYe — T1y1 = Toy2  (mod m)

(c) This is most conveniently proved by induction on n

Proof. n =1
i =2, =2 = x5 (mod m) by assumption
n>2
b =z -2t and 2 = 29 - 21, where again
1 =z (mod m) by assumption andz} ! = 25! (mod m)

By LH. Applying (b) with y; = 27~ and yp = 25", we get:
x1y1 = 2] = 2oy = a5 (mod m)
O
O

As a first application of these computation rules for congruences, we derive some
well know (m = 3,9) or not so well known (m = 11), divsibility criteria.

Definition 5.9. If x € N is given in the usual decimal notation
n
T = apQp_1--*Q109, 1.6. T = Zailol
i=0
where, a; € Ng [ J{0} and a,, # 0, we get:

O(x) := Z a; sum of digits
i=0

i=0
Lemma 5.10. For x = a,a,_1---ag € N as in 5.9, we obtain

(a) x=0(X) (mod 9) and z = 6(z) (mod 3). In particular 9|z < 9|6(z) and
3|z + 3]0(x).
(b)  =6d(x) (mod 1)1. In particular, 11|z +> 11|6(x)
Proof. (a) Observe that 10 = 1 (mod 9) and 10 = 1 (mod 3). Hence 5.8
implies z = Y7 ;a;10° = > ja;1° = 6(z) (mod 9) and (mod 3).
In particular, 9|z <> = 0 (mod 9) + O(x) = 0 (mod 9) + 9|0(z), and
similarly for 3 instead of 9.
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(b) 10 = —1 (mod 1)1\—3_/:3 =30 ;100 =31 Ja;i(—1)" = () (mod 1)1.

5.8
Hence, 11|z <> 2 =0 (mod 1)1 < é(z) =0 (mod 1)1 + 11]4(x).
O

Example 5.11. (a) Is 12345678 divisible by 9 (or 3)?
. 8.9
Yes si = —— =4-9 which i Itiple of 9
es since, ZEZI 5 which is a multiple o

Remark: For any permutation = € Sg and z = 7(1) - - - 7(8) (8-digit num-
ber), we also have 0(x) = Zle (i) = Z?:li =49, so that z is divisible
by 9 (and 3).

(b) 0(12345678) = 8—7+6—5+4—3+2—1=4#0 (mod 1)1 — 111 12345678.
By contrast to (a), permuting the digits matters here: For instance

5(71643528) =8 —2+5—-34+4—-6+1—7=0— 11|71643528

Definition and Remark 5.12. One important consequence of 5.8 is that one
can well-define + and - on Z,, by

[@]m + [Ylm = [z + Ylm

and
[Z]m - [Ylm = [2ylmV2,y € Z

This is well defined since it doesn’t depend on the choice of representation of
the congruence classes, if:

[2]m = [#'];m and [yl = [y']m, then by5.8

[+ Yl = [+ ylm and [2"y' ] = [2 + Y]m

With this addition and multiplication, (Z,,, +, ) becomes a commutative ring
with the multiplicative identity [1],,.

We are now turning to the question which elements [z],, € Z,, have a mul-
tiplicative inverse, i.e., an element [y|m, € Zy, with [2]m[y]m = [1]m, in which

case we will write 2]} = [y],,. Examples:

25" =[20s,[2)5" = 35

[2]¢ does not exist since [2]g[y]e = [2y]e # [1]¢ for all y € Z because 22y —1 —
y12y—1—2y %1 (mod 6)

In this context, we should quickly repeat the definition and basic properties of
the greatest common divisor ged(a, b) of two integers a,b € Z.

Repetition 5.13. For a,b € Z with (a,b) # (0,0), there exists a uniquely
determined d € N which satisfies:
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(a) dla and d|b

(b) If ¢ € Z is such that c|a and c|b then c|d. d is called the greatest common
divisor of @ and b, and we write d = ged(a,b). One also defines ged(0,0) :=

0.
(c) ged(a,b) = ged(b,a) Va,beZ
(d) ged(a,0) = |a\ Va €Z
(e) ged(a,b) = ged(lal, [b]) Va,b e Z
(f) ged(a,1) =1 VYaeZ
g) Ifa,b € Nand a = T_yp{*, b = II;_;p]* with r distinct primes py, ..., p,
=1 =1
and ¢;, f; € NoV1 <4 < r, then gcd(a b) =T_,p 1‘1’“(%)3)

The next property is an important consequence of the Euclidean Algorithm,
which is a systematic method to compute ged(a, b).

Theorem 5.14. For any a, b € Z, there exist m,n € Z with ged(a,b) = ma+nb.

Proof. For a = 0 or b = 0, the claim is trivial. For instance ged(a,0) = |a| =
1 ifa>0

m-a+mn-0 forany n € Z and m = . for a,b > 0, then the
-1 ifa<0

claim is proved in Theorem 8.4 on page 69 in [B]. And for arbitrary a,b € Z

with a # 0 # b we obtain that there exist m’,n’ € Z with

ged(a, b) = ged(|al, |b]) = m/|a| + n’|b| = ma + nb

m' ifa>0 n ifb>0
.. and n = .
-m’ ifa<0 -n' ifb<0

where we get m = {

this allows us to prove the following

Proposition 5.15. For x € Z,[z],, € Z,, has an inverse in Z,, if and only if
ged(x,m) = 1.

Proof. “Only if”: Assume that there exist y € Z with [z],[y]m = [1]m <> 2y =1

(mod m) + m|zy — 1 if there existed any prime number p with p|z and p|m,

then also p|zy — 1 and plx — p| — 1, a contradiction. Hence the only natural

number which divides  and m is 1, implying ged(z,m) = 1.

“If”: Now assume that ged(x, m) = 1, then by Theorem 5.14, there exist k,1 € Z

with 1 = kx+im — m|l—kz — 1 = kz (mod m) < [1];m = [kz]m = [E]m - [2]m.
O

Hence [k], = [z];,}

Remark 5.16. There is a slight ambiguity in the formulation of Proposition 5.15.
Namely, there are uniquely many elements 2’ € Z which represent the congru-
ence class [z],,. Namely, [2],, = [2]n, if and only if 2’ = z+ km for some k € Z.
But it is easily verified that

ged(z,m) = ged(z + km, m)Vk € Z  Exercise!
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Whether this ged is 1 or not.

Definition and Corollary 5.17. We set Uy, := {[z]m € Z|[z],, has an inverse in Z,,}
This set (which is in fact the group of units of the ring Z,,) is often also denoted
by Z),. By 5.15

Up = {[z]m|z € N,,, and ged(z,m) =1}

Here we useb.6: [1]m, ..., [m — 1]m, [m]m = [0],, are precisely the m distinct
elements of Z,,. It follows that |Up,| = [{z € Ny, |ged(z,m) = 1} = ¢(n).
With Euler’s ¢ function as introduced in 4.13. Before we prove Euler’s theorem
about the elements of U,,, we need a few more preparations.

Lemma 5.18. (a) If z,y € Z satisfy ged(z,m) = 1 = ged(y,m) = 1, then
ged(zy, m) = 1. It follows that U, is closed under multiplication.

(b) If a,b,c € Z satisty ab = ac (mod m) and ged(a, m) = 1 then also b = ¢
(mod m).

Proof.  (a Recall that two integers are relatively prime (i.e. their ged is 1) if
they do not have a common prime factor. But the prime factors of xy are
the prime factors of x together with the prime factors of y. So if x and
y both have no common prime factors with m neither has y. For U, it
follows:

[x], [y] € Upy — ged(z,m) = ged(y,m) =1 — ged(zy,m) =1 —

by 5.15, 5.17
[Qf]m : [y]m = [xy]m S Um

(b It is convenient to use the invertibility of [a],, here. There exist x € Z with
[]m[a)m = [1]m i.e. za =1 (mod m). Multiplying the given congruence

ab=ac (mod m)

with x, we get
(za)b = (za)e (mod m)

But since za =1 (mod m), applying 5.8, we get
1-b=1-¢ (modm), i.e. b=c (mod m)

as claimed.
O

Example 5.19. Without the condition ged(a,m) = 1, the “cancellation” ab =
ac (mod m) — b = ¢ (mod m) is usually incorrect. See for instance:

4-4=16=4-1 (mod 1)2, clearlyd #1 (mod 1)2

The next observation is related to Lemma 5.8

45



Lemma 5.20. For any [a],, € Uy, the multiplicative map
f = f[a]m U = Up,
Is bijective.

Proof. Note first that by 5.15 and 5.18 (a) f is really a map from U, to Up,:
If [a]m, [x]m € Up for a,z € Z, then ged(a,m) = ged(x,m) = 1, hence also
ged(ax,m) =1, and hence [a],, - [2]m = [ax]m € Un.

There are two ways to show that f is bijective.

1%t Proof: Since U, is finite, it suffices by Proposition 1.7 that f is injective.But
this follows immediately from 5.18 (b)

if, for [z1], [z]2 € Unm, f([21]m) = f([z2]m), then

[a’]Tn[‘Tl]m = [a}m[IQ]m A4 [axl]m = [GIQ]m <~
ar1 = are (mod m) — x1 =2 (mod () since ged(a,m) =1
— [xl]m = [xQ]m

274 Proof: Since [a],, € Upn, [a]m is invertible, and so there exists b € Z with
[a]m - [b]m = [1]m. It is now easy to verify (do this!) that the maps f,, and
1], are inverse to each other. Hence they are both bijective.

alm

Example 5.21. Consider Uy. Since 9 = 32, |Ug| = ¢(9) = 32—3 = 6. Explicitly
Uy = {[1], 2], [4], [5],[7], [8]}- (Since we use m = 9 in this example, I will omit the
index 9 in the congruence classes.) Multiplication with [5] defines the following

permutation of Ug: f = fi51: Ug — Uy

[1] = [3]
2] = 1]
[4] = [2]
[5] = [7]
[7] = [8]
[8] = [4]

We can check that f) is the inverse of f5;. We are now in a position to state
and prove Euler’s Theorem.

Theorem 5.22. (Euler) For any a € Z, with ged(a, m) = 1, we obtain

aga(n)zl (mod m)
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Proof. Set k = p(m), and let [x1]m, - - [2k]m be the different elements of U,,.
One of them is [a],,. For f = f,, as in 5.20, f(Up) = Up, so

Unm = {[zilm|1 <@ <k} = {[azi]m|l <i <k}
Taking the product of all elements of U,,, we get
Iy [2i]m = Iy [azi]m < [H§:1xi]m = [H§:1(a$i)]m

PR Hlexi = Hle(axi) = akﬂlesci (mod m)

Now all the factors on both sides of this congruence are relatively prime, and
so using 5.18, we deduce

1=d" =a*™ (mod m)

Example 5.23. (5.21 continued)
a®=1 (mod9) Vae{l1,2,4,56,7,8) g,
64=2°=1 (mod9),5°=15,625=1 (mod 9)
(That 9|15, 625 can also be checked using 5.10 (a)).

It is clear that Euler’s theorem is very useful in order to determine congru-
ences since one does not have to compute the powers a?(™ explicitly. A special
case of Euler’s Theorem is the following which is also known as “Fermat’s Little Theorem’

Y

Corollary 5.24. For a € Z and any prime p, we obtain
(a) a?~' =1 (mod p) ifpta
(b) a? = a (mod p) always.

Proof. If p is a prime, then ¢(p) = p — 1, and ged(a,p=1 if and only if p { a.
Hence (a) follows immediately from 5.22. If p { a, then we can multiply both
sides of the congruence a?~! = 1 (mod p) with a and get a”? = a (mod p). But
if pla,then a = 0 (mod p) and also a? = 0 (mod p), and so (b) holds for all
a€Z. O

Example 5.25. For any a € N, the last digit of a® in its decimal notation is
the same as the last digit of a. Argument: If a = ag,--- ,a1,a9 then a = ag
(mod 5) since 10 = 0 (mod 5). Similarly, if a® = b;,--- b1, by, then a® = by
(mod 5). Now a = a® (mod 5) by Fermat’s Little Theorem — ag = by (mod 5).
But also @ = a® (mod 2) (both, a and a® are either even or odd), and a = ag
(mod 2),a® = by (mod 2), imply ag = by (mod 2) as well. So 5|ag — by and
2|ag — by —(since 2 and 5 are two distinct primes) 10|ag — bg. But the digits ag
and by are elements of Ng U {0} — ag = by
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Corollary 5.26. (of 5.24) For any prime number p, and any a,b € Z, we obtain
(a+b)P =aP? +b” (mod p)

Proof. By 5.24(b), (a + b)?» = a + b (mod p), a? = a (mod p) and b’ =
(mod p). It follows from 5.8(a) and the transitivity of congruences that a?+b =
(a+b)? (mod p). O

6 Graphs

Definition 6.1. A graph G = (V, E) is a pair consisting of a non-empty set V'
and a (possibly empty) subset E C P(V) with |e| = 2Ve € E.

V is called the vertex set and E the edge set of G. If e = {z,y} € F, we
say that the vertices x,y € V are adjacent or that they are joined by the edge
e. We also say that e contains the vertices x,y and that they lie on e. G is
called finite if V' (and hence also F) is finite. In this chapter, we will mainly
consider finite graphs. Remark What is simply called a graph here ( and in
the textbook) is often called a “simple graph” or an undirected graph without
loops and multiple edges in the mathematical literature. Directed graphs or
“digraphs” as well as graphs which have loops (joining a vertex with itself or
multiple edges (admitting more than one edge connecting two vertices) also have
important applications but will currently not be considered here.

Visualization 6.2. Graphs are combinatorial objects but they can also be
considered as geometric objects. Each vertex = € V is represented by a dot or
node and each edge e = {z,y} by a line connecting the two nodes x and y.

Example The graph G = (V, E) with V = {a, b, ¢,d} and E = {{a,b{b, c},{c,d},{b,d}}
is identified with the geometric object (1-dimensional simlicial complex)

d C

a b
We already mentioned one type of graphs in connection with Ramsay numbers

Definition 6.3. The complete graph K, of order n is the graph K,, = (V,,, E,)

with [V,,| = n and E, = {2 — subsets of V,,} by 3.3, |E,| = (%) = 21,
Conversely, it is easy to check (do this!) that if a graph G = (V, E) satisfies
|V|=nand |E| = (}), then G is the complete graph of order n.

Example k4 = {{a,b,c,d}, E} with E = {{a, b}, {a,c},{a,d}, {b,c},{b,d},{c,d}}

i.e.
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a b

K, is an example of a regular graph, which we will introduce soon but first
another.

Definition 6.4. If G = (V,E) is a graph, the degree of a vertex z € V is
defined as §(x) = |D,| where D, :={e € E|x € e}
Example 6.5. (a) If G = (V,E) is as in the example in 6.2, then §(a) =
1,6(b) = 3,d(c) =2,0(d) = 2.
(b) If G = K, then §(z) = n — 1 for all vertices of K,,. Again, this is also
a characterization of complete graphs: If G = (V, E) with |V| = n and
0(x) =n — 1Vx € V, then G is a complete graph of order n.

Definition 6.6. A Graph G = (V, E) is called regular if there exists r € Ny
with §(z) = rVz € V. In this case, G is called regular of degree r.

Examples:
(a) G = (V,E) is regular of degree 0 if and only if E = .

(b) If G = (V, E) with |[V| = n, then G is regular of degree n — 1 if and only
G =K,

An interesting connection between the degrees of the vertices of a finite graph
is the following “handshaking lemma”.

Proposition 6.7. If G = (V, E) is a finite graph, then
> () =2|E|
zeV

Proof. We set S := {(z,e) € V x Elx € e} C V x E and use the counting
strategy of Proposition 2.9, For all x € V', we get

r2(5) = [{e € Elz € e}| = 4(x)
and for all e € F, we get
ce(S)={zeVzee}| =2

|5]= dx) =) 2=2|E|

zeV ecE

Hence
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An immediate consequence of 6.7 is the following.

Corollary 6.8. If a finite graph G = (V, E) is regular of degree r, then r|V| =
2|E)|.

Example For K,, = (V,,, E,), we get |V,| = n and |E,| = (}) = @
K, is (n — 1) regular, and so (n — 1)|V,,| = (n — 1)n = 2|E,| as stated in 6.8.

Another consequence of 6.7 is the following

Corollary 6.9. If G = (V, E) is finite and Voqqa = {z € V|d(x) is odd}, then
|Voaal is even.

Proof. Set Veyen := {z € V|0(x) is even}. Then V = Vieyen U Voaa is a disjoint
union. 6.7 implies

Z o(x) + Z 0(z) = 2|E| — (In view of the definition of even)

€ Voaa € Veven

Z d(x) is even — (in view of the definition of V,qq)|Voaa| is even
€ Voda

O

Special Cases 6.10. If G = (V, E) is a finite regular graph of odd degree, then
|V| is even. This follows already from 6.8. So, for instance, there is no regular
graph of degree 3 with precisely 5 vertices.

Remark: 6.9 can be formulated as follows: In a group V of people, the
number of people who shake hands with an odd number of people in V is even.
This gave 6.7 the name “Handshaking Lemma”. Yet another consequence of
6.7, which will be useful is the following, is

Corollary 6.11. If G = (V, E) is a finite graph and

2|E
m := min{d(x)|x € V}, then m < 2||V|

In particular, if |E| < |V, then there exists a vertex z € V with §(z) < 1.

Proof. By definition of m, ), d(x) > m|V| Hence 6.7 implies m|V| < 2|E| —
m < 2%. Therefore, if |E| < |V, there exists © € V with §(z) =m < 2 —
0(x) <1 (since 6(z) € Ny. O

An important feature of graphs is that one can connect vertices by walking
along edges.

Definition 6.12. A walk in a graph G = (V, E) is a finite sequence x1, ..., zj
of vertices such that x; and x;4; are adjacent (so in particular distinct) for all
1<i<k—1. The walk x1, ..., 2} is called a path if [{xy,...,25}| =I. A cycle
of length k — 1 is called a walk z1,...,x), satisfying k& > 4 and z; = x; and
{x1,...,2x}| =k — 1. (So that x1, ..., xx—1 is a path).
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Definition 6.13. If G = (V, E) is a graph and x,y € V, we write z ~ y if x and
y can be joined by a walk in G, i.e., if there exists a walk x1,...,z; in G with
x1 = x and xp = y. It is easy to check (do this!) that ~ defines an equivalence
relation on V. The graph G is called connected if x ~ y for all z,y € V.

Remark 6.14. If two vertices z,y in a graph G = (V, E) can be joined by a
walk, they can also be joined by a path.

Proof. Let x1,...,x, = y be a walk of minimal length joining z and y in G. We
claim that this walk is a path, i.e. |{z1,...,z1}| = k. Suppose not. Then there
exist 1 <4 < j <k with ; # x;. But then z1,..., 24, 2j41,..., 2, is a walk
joining 2 and y of shorter length i + (k —i) —1=(k—1)—(j —4) < k—1,
contradicting the minimality of the original walk x1,...,x;. Note that z; and
2141 are adjacent for 1 <1 <i—1and for j+1 <1 <k —1 since z1,...,Tk
is a walk. Note also that x; and x;4; are adjacent since x; = x; and x;, ;41
are adjacent vertices of the walk z1,...,z;x. The fact that ~ is an equivalence
relation leads to the following definition O

Definition 6.15. If G = (V, E) is a graph and = € V, the connectedness component

of z in G is the subgraph
G'(V',E") ofG defined by
V':i=[z] ={y € V|]z ~ y} and
E :={e={y,z} € Ely,z€V'}

Remark 6.16. If z,y € V with [z] # [y] (and hence [z] N [y] = 0, see exercise
(2) of homework # 8) and if 2’ € [z], ¥’ € [y], then 2’ and 3’ are not adjacent.

Reason: If {2/,y'} € E, were an edge, then we had
r~a ~y ~y—x~y— e z]ny] = [z] = [y], contradiction our assumption.

Consequence If {[x;];cr} are the distinct equivalence classes in V' with respect
to ~ (for some suitable index set I), and

Gi = ([zi], By with E; = {e = {y, 2} € Ely, z € [z]}
~—~
-V

and the corresponding connectedness components, then £ = |J,.; £; disjoint
union, since no edge can connect two vertices which are elements of distinct
equivalence classes. So
G=JG;
iel
is also a disjoint union, in the sense that

V:U% and F = UEZ are
i€l i€l
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In view of ]6.16, considerations about graphs can often be reduced to connected
graphs, i.e. those which have just one connectedness component. We will now
discuss a necessary and sufficient criterion for finite graphs to be connected.
First the necessary one:

Proposition 6.17. If G = (V, E) is a finite connected graph, then |E| > |[V|—1

Proof. By induction on n = |V| n = 1: The graph G = ({z},?) with 1 vertex is
connected by definition and here [E=0>1—-1=|V|-1.
n = 2 Superfluous for the proof but instructive:

Y

If a graph G with two vertices z and y is connected, then e = {z,y} must be
an edge in fact the only possibly one. Then G = ({z,y},{e}) and |E| =1 >
2-1=|V|-1L

The induction step n — 1 — n for n > 2: If G = (V, E) with |E| > n = |V|,
we are done. So let’s assume |E| < n. Then we have to show that in fact
|E| = n— 1. By 6.11, there exists € V with §(z) < 1. If we had 6(z) = 0,
then z were an isolated vertex and hence (there exists y € V with y # x since
|[V| > 2) G were disconnected, which contradicts our assumption. Therefore,
0(xz) = 1. Hence there exists only one vertex y € V which is adjacent to z,
and e = {z,y} is the only edge which contains z. We now set G’ = (V', E')
with V' = V' \ {z} and E' = E\ {e}. So that |V/| =|V|—-1=n—1 and
|E'| =|E —1] <n—1=|V’|: We observe that the graph G’ is also connected:
If w,v € V' are given, there exists a path (see (6.14)) u = uq,...,uy = v in G
joining w and v since G is connected. We claim that this path is completely
contained in G’. Suppose not. Then there exists 1 < ¢ < k with u; = z. But
then {w;—1,u;} = {u;,u;41} = e since e is the only edge containing z, and
u; = x is adjacent to u;—1 as well as u;41 Now e = {u;—1,u;} = {u;—1,2}
implies u;—1 = y and e = {u;,uj+1} = {x,u;4+1} implies u;11 = y. Hence
the walk uq,...,u;i—1 = y,u; = x,uj+1 = ¥, ..., ux contains a repetition, and is,
therefore, not a path contradicting our assumption. It follows that u; # Vi,
and hence u; € V'Vi, {u;,uiy1} € E'V1 < i < k—1. Since |V'| =n —1 and
|E'| < |V'|, we can apply the Induction Hypothesis to G’ = (V'E’) and obtain
|E'|=|V|-1«|E-1=Mnh-1)—-1«|E|l=n—-1=|V|-1 O

Proposition 6.18. If G = (V, E) is a finite graph with |V| = n, and |E| >
%, then G is connected.

Proof. If n = 1, then G is just a single vertex and hence completed by definition.
For n > 2, the claim is again proved by induction on n using 6.11. Details are
left as an Exercise. O

Remark 6.19. For every n € N with n > 2, there exists a graph G = (V, E)
with |V| = n and |E| = w which is disconnected (:= not connected),
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namely the disjoint union of K,,_1 = (V,,—1, Ep—1), ( recall that|E,_1 = (”;1) = WD,
and one isolated vertex.

We are now going to make it precise what it means that two graphs are
“equivalently the same”.

Definition 6.20. Two graphs G = (V, E) and G’ = (V', E') are called isomor-
phic, and we write G=G’, if there exists a bijective map f : V — V'’ which
satisfies

Nz, y} € E— {f(2),f(y)} €E" Va,yeV

If that is the case we call f an isomorphism between G and G’ by slight abuse
of notation, we will also say that f : G — G’ is an isomorphism.

Remark 6.21. (a) If f : G = (V,E) — G’ = (V',E’) is an isomorphism,
then so is f~!. First note that f=! : V/ — V exists and is bijective
since f : V. — V' is bijective. Secondly, for any z’,y € V', we set

z = f"1a'),y = f~(y) € V so that f(x) =2’ and f(y) = y'. Using (x)

for f, we then get the equivalences

@y € B o {(f@). fn)} € B' & foy} € B o (/7). ()} € B
()

and this is precisely the condition (x) for f~1.

(b) Any isomorphism f: G = (V,E) — G’ = (V', E’) also induces a bijection
from E onto E’. This is easy to verify ((Ex. 16) of HW # 10). Two
isomorphic graphs share all essential properties. Below we are listing a
couple of them.

Lemma 6.22. If f: G = (V,E) - G’ = (V', E’) is an isomorphism of graphs,
then
(a) |[V|=|V'| (By definition)
(b) [E| = [E'] (By 6.21(b))
(¢) Ifxq,...,z1 is awalk/path/cyclein G, then f(z1), ..., f(zk) is a walk/path/cycle
in G’ (again by definition)

(d) G is connected if and only if G’ is connected. More generally, every con-
nectedness component of GG is mapped by f bijectively onto a connected-
ness component of G'. (This follows from (c¢) (x) in 6.20 and 6.21)

(e) 6(f(z)) = d(x)Vz eV

(f) If z,y € V satisfy « ~ gy, then f(x), f(y) € V' satisfy f(x) ~ f(y)
(by (c¢) above), and d(z,y) = d(f(z), f(y)), where d(z,y) := min{l €
Np| a walk of length [ joining z and y in G} (this follows from (c¢), which
applied to f yields d(f(x), f(y)) < d(x,y), and applied to f~! yields

d(x,y) < d(f(z), f(y)).
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Example 6.23. (a) Two complete graphs G = (V, E) and G’ = (V/, E') with

(b)

|[V| = |[V'| are isomorphic. In fact every bijection f : V — V' defines an
isomorphism.

If G=(V,E) and G' = (V', E’) are regular of degree either 0 or 1, then
they are isomorphic if and only if |V| = |V’/|. If G and G’ are both
connected and regular of degree 2, then they are also isomorphic if and
only if |V| = |V’| (Exercise!).

Remark: For r > 3, two finite connected graphs which are regular of degree
r need not be isomorphic (see also Ex. (3) of HW# 10).

Tq
Ts z3
G = T T2
/
Ty
/ /
s T3
/ /
G/ — Ty Lo
/
Ty = To
To 17/1
. . . 12
possible isomorphism frxs =z
Ty > T
T5 > T

o4



ZIs Ty
.7
Y
(d) Tg Zs3 =
’7
z1 T2
G =
s z
/
2 )

G and G’ are not isomorphic since any isomorphism had to map the 3-
cycle z1, x5, x6, 21 of G to the same 3-cycle of G’. However, G’ doesn’t
have any 3 cycles.

G:
Lo

7 —t4+——@ I5

L1
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a7

x> )
To > T
T3 — ah
possible isomorphism fiag s al
Ts > T
T > T

Ty T

€7 L6

xrs Ts5

L2 T3

Tl
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G and G’ are not isomorphic: If there existed an isomorphism f : G — G,
it had to map {x1, x5} ( as a subset of V, not an edge) to {z}, x4}, since
in G the only vertices of degree 1 are x1,x5 and in G’ the only vertices
of degree 1 are z1,z5. But f({z1,25} = {}, 2§} implied by (6.22(f)).
d(z1,x5) = d(z}, x5), whereas d(z1,x5) = 4 and d(z},x5) = 5.

We are now introducing an important class of graphs.

Definition 6.24. A tree is a connected graph which does not have any cycles
(of length > 3).

Examples:

Examples

vertices: Ti,...,Tp

edges: {z1,z2}, {x2,23},. ..

ceey {.’En_hxn}
P N S—
x_q X0 1
vertices: x;, 1 € Z °
edges: {zi,xit1}, 1 €Z
N I y ¢
on-examples (2 isolated vertices)

(contains a 3-cycle)

Proposition 6.25. For a (possibly infinite) graph G = (V, E), the following
two properties are equivalent:

(a) G is a tree.

(b) For any two vertices x,y € V, there exists a unique path z = x1, ...,z =y
which starts in 2 and ends in y (see 6.14).

Now assume there exists a second path. = = zf,...,2; = y and starts in
and ends in y. If it is not identical with the first path, there exists an i € N
with 1 <4 < such that z; = 2V1 < j <4 and x4 # 2}, ;.
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(Note that we cannot have ¢ = k, meaning z; = y, because then ) =
x1,...,2; = x; would already be a path from x to y, contradicting ¢ < I. Hence
i < k, and x;11 exists.) Since x; = y = z, there exists ¢ < m < k with
m = min{j € N|[j > i and z; € {«],...,2;}} so x,, = 2], with 1 <n <. But
here we must have n > i as well since m > i — &, # 1 = 27, ..., Ty, # T; = x;
Now consider the closed walk @, Zjy1, ..., Tm = T7,, T _q, s Tiyq, T = T We
claim that this walk is a cycle. It’s clear that z;,x;41,...,zn are distinct as
are xj,rj q,...,x, since the walks are both parts of paths. But we also have
T, # LV < r < mVi < s < nin view of the definition of m. Note also that this
cycle is of length > 3 since :vi,:vi+1,:v;+1 are 3 distinct vertices. (We do not,
however, include the possibility that m =i+ 1 or n =i+ 1.) But the existence
of a cycle of length > 3 in a tree is impossible. Hence there cannot exist two
different paths in G starting in  and ending in y. (i) — (i) : Since, for any
x,y € V, there exists a path joining them, G is connected. Now assume, by way
of contradiction, that there exists a cycle z1,...,x; = x1 of length k — 1 > 3 in
G. Then z1,z;_1 and z1,...,x5_1 are two different paths in G joining x; and
xk—1, contradicting (ii). Hence G is a connected graph without cycles of length
>3, i.e. a tree.

Proposition 6.26. Assume that G = (V, E) is a connected graph and |V| >
2(<> E #0)

(a) G is a tree if and only if (V, E\ {e}) is disconnected for every edge e € E.

(b) If G is a tree, then (V, E'\ {e}) has precisely 2 connectedness components
for any edge e € E, which are both trees.

Proof.  (a) First assume that G is a tree, and e = {z1,22} € F with ver-
tices x1,20 € V. If (V,E \ {e}) were connected, then there existed a
path p : 1 = y1,¥2, ...,y = 2 in (V,E\ {e}) joining x; and xo with
{yi,yir1} # eVl < i < k. But in G, there also exists the short path z1, 29
which joins 1,22 and this path is definitely different (of shorter length
than) P. However this contradicts 6.25. Hence (V, E \ e) must be discon-
nected.

If on the other hand, (V,E \ e) is disconnected for every e € E, then
G cannot contain any cycles: Assume, by way of contradiction, that
T1,%2,...,T, = x1 with k& > 4 is a cycle in G. Now consider the edge
e = {x1, 22} and the graph G’ = (V, E \ e). Then G’ would still be con-
nected: Any two vertices y,z € V can be connected by a path P := y =
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Y1, ...,y = z € G. If this path does not contain e, then it is also a path in
G’'. But if e occurs in p, ... let’s say e = {y;, yir1} = {1, 22}, and without
loss of generality y; = x1,¥y;+1 = 2, then the path y1,..., s, Yit1, - Yk
could be replaced with yq,...,y; = 1, Tk—1, ..., T2 = Yit+1, -, Y = 2 in G'.
So (V, E'\ {e}) would be connected, which contradicts our assumption on
G. Hence G is connected without cycles, i.e. a tree.

Tk—1

Yy=mu

Now assume that G = (V, E) is a tree and e = {z1,22} € E. We claim that
Vi = [z1] and Va = [z5] are the two (sets of vertices of the two) connectedness
components of the graph G’ = (V, E'\ {e}). It then follows immediately that
they are trees (possibly with just one vertex) since they are connected without
edges ( a cycle in a connectedness component would also be a cycle in G). We
have seen in (a) that 27 and z2 cannot be connected by a path in G’. Hence
x1 7% x2, and so [z1] # [z2], which implies [x1]()[z2] = 0. On the other hand,
[1]U[z2) =V : Let y € V be any vertex. Since G is connected, there exists a
path p:y = y1,...,yx = x1 in G connecting y and x;. If the edge e is not part
of this path p, then it is a path in G’, and hence y ~ 1 in G' — y € [x1] = V.
Now suppose that e occurs in p. Since there are no repetitions in p, this is
only possible if e is the last edge in this path, i.e. ypr_1 = Zo,yr = x1,€6 =
{yk-1,yx} = {x2,21}. But then, again since there are no repetitions in P, e
does not occur in the path P’ : y = y1,...,y_1 = x2. This means that y ~ x»
in G, and so y € [x2] = V5. This shows that V = V4 |JV (disjoint union), and
V1,V are precisely two connectedness components of G’. O

Corollary 6.27. If T = (V, E) is a tree, and ey, ..., e, are n different elements
of FE, then T" = (V, E') with E' := E'\ {ey, ..., e, } has precisely n + 1 different
connectedness components.

Proof. Exercise! O

Theorem 6.28. A finite connected graph G = (V, E) is a tree if and only if
Bl = V| - 1.

Proof. Let’s first assume that the finite connected graph G = (V, E) satisfies
[V|—1=|E|. Then for any e € E, |[E\{e}|=|E|-1=|V|-2< |V]| -1
Hence by Proposition 6.17 the graph (V, E \ {e}) is not connected. Therefore,
Proposition 6.26(a) implies that G is a tree. This is of course also true if |V| =1
and |E| = 0. Now assume that G is a tree with n = |V| > 2. (Again, the case
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|[V| =1and |E| = 0is trivial.) Then |E| # 0, there exists e = {x1, 22} € E, and
we can prove the claim by induction on n as follows: By Proposition 6.26(b)
G' = (V,E\ {e}) has two connectedness components G; = (V1, E1) and G5 =
(Va, Es), where V; = [x;] for i = 1,2. Set n; = |V;| for ¢ = 1,2. Since G; is
non-empty, n; > 1 for ¢ = 1,2. And since V is the disjoint union of V; and V5,
n =ny + ng. Hence n; < n for ¢ = 1,2. And since G; and G- are finite trees,
our induction hypothesis implies |E;| = |V;| — 1 for i = 1,2. But we also have
that E \ {e} is the disjoint union of Fy and E5 see (6.16). Therefore:

[EN{e} = [Er] + [Eo| = (Vi =) + (Vo] = 1) =1+ np —2=n—2
This implies
|E|=|E\{e}|+1=n—-2)+1=n—-1
O

Proposition and Definition 6.29. If G = (V| F) is a finite connected graph,
then there exists a subset E' C E such that T = (V, E’) is a tree. T is called a
spanning tree for G.

Proof. Set n = |V| and m = |E| by 6.17, m > n — 1. The claim will be proved
by induction on m.

m=n—1— G is itself a tree by 6.28, and we can set £/ = E

m >n: Again by 6.28, G is not a tree. Hence by 6.26(a)

There exists an edge e € E such that G' = (V, E'\ {e}) is still connected. Since
|E\{e}| = |E|—1, we can again apply the induction hypothesis to G’. Tt follows
that there exists B/ C E \ {e} C E such that T = (V, E’) is a tree. O

Remark 6.30. (a) Interesting applications of spanning trees arise if we are
given a weight function on the edges of the finite connected graph G =
(V,E). This leads to the M.S.T. (Minimal spanning tree) problem, see
section 16.3 in [B].

(b) Every infinite connected graph also admits a spanning tree. However,
a different proof is needed here. Instead of induction one uses “Zorn’s
Lemma”.

7 Linear Recursions and Generating Functions

In mathematics, sequences (a,)nen, are often defined by a recursion, i.e. a rule
in which determines a,, if a,_1,...,a; are known.

Example 7.1. The sequence of derangement numbers (d,)nen satisfies the
following recursions:
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(a) dp =ndp_1+(—1)" for n > 2. (This follows immediately from Proposition
4.9.) Also d; = 0. Hence

dy=20+1=1, d3=31-1=2, dy=42+1=9, ds=59—1=44,

(b) dp, = (n— 1)(dn,1 + dn,g) for all n > 3, and d; = 0, do = 1. This follows
immediately from applying (a) for n and for n — 1. Hence

ds=2(140)=2, dy=302+1)=9, ds=49+2)=44, ...

Note the following: If the recursion for a,, only involves a,_1, then we need
ay as a start recover the whole sequence (a, )nen. If the recursion for a,, involves
an_1 and a,_s, we need the values of a; and as as a start. And so on.

Example 7.2. The Fibonacci numbers (fy,)nen are defined by the recursion
(%) fn = fao1 + fn—2¥n > 3. Together with fi = 1,fo =1 = f3 =2, f; =
3, fs=5,f6 =8, fr=13,...

This is an example of a linear recursion, since the coefficients of f,_1 and
frn—2 in (%) above are constant (=1). By contrast, the recursions in 7.1(a) and
7.1(b) are not linear since the coefficients are non-constant factors of n; n in
7.1(a) and n— 1 twice in 7.1(b). The recursions in 7.1 and 7.2 are homogeneous
since they do not involve any constant summands. For the derangement num-
bers, we also have a “closed formula” for d,, which does not depend on the values
d; for i < n. Is there also a closed formula for the fibonacci numbers (and more
generally for sequences (a,)nen defined by homogeneous linear recursions?)

Proposition 7.3. If (f,)nen is the Fibonacci sequence then

1 ((1+v5\" [1-v5)
SN

Proof. By induction on n. Obviously, we want to use the recursion f, = f,—1+
fn_2Vn > 3. But before this, we need to check the claim for n =1 and n = 2.

_qs L (VB (VB L s
() () o

() ()
s 2 2

= — (1+2V54+5—(1—2V5+5))

1
= —— 4.v5=1
4.5
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n > 3 We first observe that the roots of the quadratic equation:

P=x+1o2—z+1=0are

5 1 5
+\[: +V5
4 2

\/31
2 4 2
_ 1

We have to prove f,, = ﬁ(a? — af). Using the Induction Hypothesis, we get

/7 +1

=N =

a1 =

B~ =
&

+1

1
2
1
0[2:5

A~ =

1
fac1=—F= (it —ad™?)

V5

and

together these imply

n—1 n—2

1 _ e
fn:fn—1+fn—2:ﬁ(a1 —af P ot —al 2)

1 n— n—
=2z (o e+ D= 0f 2 a2 1)
Since o = a; +1 for i = 1,2
L
VB

as desired. O

(af —a3)

Definition 7.4. We say that the sequence (uy,)nen satisfies a homogeneous linear recursion
of degree k > 1 if there exist ap # 0,a1,...,ar € R such that u, = aju,_1 +

<o 4 agtn—kVn > k(x). The sequence (up)nen is then determined by the re-

cursion (x) and k given initial values w3 = ¢1,...,ux = ¢;. The auxiliary or
(characteristic) equation associated to () is ¥ = ayz* ' + -+ + ap_; + ax

<—>xk—a1xk—~-~—akac—ak:0

k
< p(z) =0, where p(z) = 2% — Zaixk_i
i=1

is the characteristic or auxiliary polynomial to the recursion (x) If (f)nen is

the fibonacci sequence, then the recursion f,, = f,_1 + fn_2 for n > 3 is linear
of degree 2 with a; = as = 1 and ¢; = ¢ = 1. The auxiliary equation 22 = z+1
was used in proposition 7.3, and the strategy used there will be generalized soon.
But let’s first discuss the initial case k = 1.
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Example 7.5. If (u,)nen satisfies v, = aju,—1Vn > 2 and u; = ¢, then
u, = c1a”"'VWn € N, as is easily shown by induction on n. Note that in this
case aj is the unique solution of x — a; = 0. We are now turning to the case
k = 2, an example of which is the fibonacci sequence.

Proposition 7.6. If (u,)nen satisfies the homogeneous linear recursion w,, =
a1U%p—1 + agu,_o of degree k = 2 with as # 0 and initial value values u; = ¢;
and uy = ¢, and if the polynomial p(z) = 22 — a1z — a9 has two distinct roots
a, B, then: u, = Aa™ + BB"Vn € N, where A and B satisfy the equations
Aa + BB =c; and Aa® + Bf? = ca. (%)

Proof. We first note that the system of two linear equations (x) really has two
uniquely determined solutions A and B: To begin with, 0 is not a root of p(x)
since ag # 0. Hence a # 0, 3 # 0. And since a # 3, also a®>—af8 = a(a—f) # 0.
Now A« + Bf = ¢ is equivalent to B = % and then the second equation
in (x) yields

.y
A0 + PE = 0 Ao? (o~ Aa)f =2 &
2 co—c1f Ccy — 1o
Ao —aﬁ)+015=czeA:m_>B:m

[intermediate example](fibonacci sequence): a1 = as =1,¢1 = ¢ = 1,

1+V5 1-5
a=—5 P

62—615_ 1—,@ 1 1

o?—af  ala—p) a-pB 5

7(175:\/3’&4’6:1

and
Co — 1o l1—« 1 1

BP—aB  BB-a) B-a B
Proof. Tt is now easy to prove the claim u, = Aa™ + BS" by induction on n.

For n = 1,n = 2, this equation is satisfied by the the choice of A and B. And
for n > 3, we get, using the I.H. for n — 1 and n — 2

Up = AUy 1 + A2ty _o = (A" + B ) 4+ ao(Aa™ % + B 2)
= A(a1a™ ' 4+ aa™?) + B(a1 " taxf"?)
= Aa"" (a1 + az) + BA"%(a18 + az)
= Aa""2a? + BB 2B ( since a, B are roots of 2% — ayx + ap)
= Aa™ + Bp"
O

Remark 7.7. (a) Even if a1, as,¢1,c2 € R it’s possible that «, 8 € C\ {R}.
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(b) The formula u, = Aa™ 4+ BB"Vn € N can of course also be written in the
form
(*)un — A/an—l 4 B/Bn_l
With A" = Aa, B’ = Bf. The advantage of (x) is that A’ and B’ are
slightly easier to compute than A, B since they satisfy the equations A’ +
B =c+ B =c—Aand Aa+Bp=coAa+ (e —A)B=cy <
Ala—8)+af =c < A = % (o # B is of course again needed)

Clkx—C2 __ C2—C1(x

and hence B’ = = A

Example 7.8. Consider the sequence (uy)neny with the linear recursion ()
Up = Up_1 — Up_2Vn > 3 and initial values u; = us = 1. The auxiliary equation

ismzzx—1<—>:r2—x—|—1:O,anditsrootsarea:%—l-q/i—l:1+‘2/j3&nd
B= %_ \/g - 71*2\/5. Note that a4+ = 1 and a— 3 = v/—3. The equations

/ r_ / 3 _ ; . ; r_1=8 _ o _ a
A'+ B’ =1and A'a+ B’'S = 1 have the unique solution A’ = BT aB =3

_1+v-3 V=3-3 3-V-3
S 2y=3 -6 6

and

g_l-a_ B _1-V-3 3+V-3
Cf-a —y=3  -2y/=3 6

It follows from 7.6 and 7.7 that

n—1 n—1
3ﬁ<1+ﬁ> +3+ﬂ<1¢§> e N

Up =

6 2 6 2

Which can also be written in the form

()t = —= ((1+\/j3>n—<1_\/j3)n>VneN

\/fg 2 2

: 1+v/=3 _ 3—v/=3 1-v/=3 _ 3+v/=3 _ 1 _ 1
Since 5V — 6 and Y= = =5 ,1.e.,Af—_3&ndBffﬁ
in the notation of 7.6. A remarkable feature of the sequence (u,) is that it is
periodic, which (independently of the initial values) follows from (x):

Up = Up—1 — Up—2 = (un72 - un73) —Up—2 = _un73vn >4

— U, = f(—un_ﬁ) = Up_gVn > 7
so that
(u") = ('U;l, Uz, U3, Uq, Us, Ue, U1, U2, U3, U4, Us, U6, )

The periodicity of (u,) can also be deduced from (xx) as follows: Note that
_ 1 @ _ T s 27 . e ey . .
o= 5+51=cosygt+ising =e6 IS a (primitive) 6th root of unity, i.e.,
ab =1 (and a™ # 1 forl <m <5), andﬁzé—éi:o?:ofl since |a| = 1.
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Hence (*x) can also be written as u,, = \/%fs(a” —a™™) which in view of a® =1
implies for all n > 7

1 1
\/7_73(0[11—6&6 _ a—(n—6) . a—ﬁ) — \/7_73(0[671 . a—(n—G)) _
Remark 7.9. (a) Example 7.8 shows that the same sequence (up)nen can
satisfy homogeneous linear recursions of different degrees, e.g., 2,3,6. But
this shouldn’t be a surprise since the argument on which 7.6 is based is
precisely that every root o of the auxiliary equation x> — a1z — az = 0
yields a sequence (v, = a™),cn which satisfies the recursion v, = a1v,—1+
asvn—2Vn > 3 of degree 2 but also the recursion v,, = av,_1 of degree 1.

Up =

(b) If (un)nen is a sequence that satisfies a homogeneous linear recursion of
degree 2, but no linear recursion of degree 1, then one can show that (u,,)
is periodic if and only if the corresponding auxiliary equation has two
distinct roots in C, both of which are roots of unity. The proof of the
“if” direction is easy (similar to the argument given at the end of 7.8),
but the “only if” direction is not. In Exercise (4) of Homework #12, you
should establish the weaker necessary condition for periodicity, namely
that |a| = |8|, where o and S are the two roots of the auxiliary equation.

Questions

1. How can we find a closed formula for (u,) in the situation described in
7.6 if p(x) = 2% — a1 — ay has only one (double) root?

2. What can we say about homogeneous linear recursions of degree > 37 The
first question can be answered relatively quickly.

Proposition 7.10. If (u,)nen is as in 7.6 but p(x) has only one (double) root

a, ie. p(x) =22 —a1x — az = (z — a)?, then

up = Aa"" ' + Bna" " 'Wn e N
, where A and B are determined by equations A+ B = ¢; and (A + 2B)a = cs.

Proof. Let’s start by verifying that the last two equations have a unique solution
for A and B if ¢1, ¢ and « are given. A+ B=c¢;,B=c¢; — A.

(A+2B)a =cy < A+ 2(c) — A) = % o —A= %2 — 2
B:c—2—01<—>A:2cl—c—2
e e
Note that « # 0 since as # 0 by assumption. We want to prove the formula for
Uy, by induction on n.
n=12:

The equations A+ B = ¢; = u1 and Aa+2Ba = ¢ = uy are satisfied by choice
of A and B.
n>3:
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In order to prepare for the induction step, we first observe that 2 — a1z — as =

(r — a)? = 2% — 2ax + o? which implies a; = 2a and a; = —a?. From this,

we deduce Vn € N, (n — aa; + (n — 2)as = (n — 1)a(2a) — (n — 2)a? =
2na? — 202 — na? + 202 = no?, which implies

()na™ ' =a;(n —1a""? +ax(n —2)a"3Vn > 3
Besides, we also have (as in 7.6)
a® =aja+as — (**)a”_l =a1a" 2 4 aya” 3Vn >3
Using (*) and (xx), and the I.H., we now obtain Vn > 3:

Uy = A Up—1+A2Up—o = a1(Aa"_2+B(n—1)a"_2)+a2(Aa"_3+B(n—2)a"_3)
LH.

= A(a10" 2 + asa™3) 4+ Blai(n — 1)a™ 2 + az(n — 2)a" %)
= Aa""!' + Bna"!
By (**) and (*) O

Example 7.11. Let the sequence (u,)nen be recursively defined by u, =
4(tp—1 — up—2) with initial values u; = us = 1. Then the auxiliary polyno-
mial p(z) = 22 — 4z + 4 = (z — 2)? has the double root a = 2. The equations
A4+ B=1and (A+2B)a=1leadto B=1-A4,2(A+2(1-A4)) =1«
B=1—-A-A+2= % — A= %,B = ’71 Applying 7.10, we get the following
formula for u,:

1

Up = 22"_1 - §n2"_1 =2""3(3-n)Vn €N

We may check (for n > 3)
4ty 1 — Up_2) = 42" 3B = (n+1)) =243 — (n —2))

=2"?(2B-n+1)=3+n-2)=2"2B3-n) =u,
as desired

Question 2 above is more difficult. Let’s first discuss the case where the auxiliary
polynomial has k distinct roots, if (u,) satisfies a linear recursion of degree k.

Theorem 7.12. If (u,)nen satisfies the homogeneous linear recursion w, =
a1Up—1+- -+ agu,_ of degree k with ax # 0 and initial values uy = ¢y, ..., ux =
cx and if the polynomial p(z) = x¥ — a;2*~1 — ... — a; has k distinct roots
a1, ..., O, then u, = Zle Aia?_IVn € N where A; are uniquely determined

by the system of linear equations

k
()Y o A =cV1<i<k

i=1
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sketch of proof: (k) is an inhomogeneous system of linear equations for the
k indeterminates Ay, ..., A; in matrix notation:

1 1 Al C1
o Qg As Ca

(%) — ) =
a1 okt Ay Ck

And this solution has a unique solution since the Vandermonde Determinant
det(m) = i<icj<i(oj — a;) is # 0. (Here we are using that a,...,a; are k
distinct numbers.) Now since ayq, ..., @ are roots of p(x), we obtain V1 < ¢ < k:

k k
k _ k—j n—1 _ o on—j—1
(%) = g aja;? = alT = g a;a; Vn>k+1
=1 =1

The formula (% * %) u, = Zle A;a’"! can now be proved by induction on

k
n>k:u,=c, = g Aioz;kl
i=1

follows from (*)

n>k+1: We use the I.H applied to u,_1, ..., up—, yielding

k
i1 .
un,j:E A 7"VI < j<k—
i=1
k k k k k
= = n—j _ n —J
Uy = E AjUp—j = E a; g Ao} = E A E ajo;
j=1 j=1 =1 i=1 j=1

k k k

. n—i—1 on—1
E A; E ajo; = E A}
i=1  j=1

(%) =1

Example 7.13. (continuation of 7.8)

Let (un)nen be the recursion w,, = u,_gVn > 7 of degree 6. With initial values
cg=1,c0=1,c3=0,c4 = —1,c5 = —1,¢c6 = 0. This is the same sequence as in
7.8 but determined differently. Here the auxilary polynomial is

pa)=2 1= -1 +1) =@ -1 +z+)(x+1)(2*> -z +1)
The roots of p(z) are a; = o' for 1 < i < 6, where a = F = % + ?z As
we noted in 7.8, a® = 1 and is easy to check that with a also o is a root of
p(x) since 2 — 1 =0+ a® =1 and (a?)% = (af)? = 1" = 1. It is also easy to
check that aq, ..., ag are 6 different (composite) numbers, so that these must be
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precisely the roots of p(z) (a polynomial of degree 6 cannot have more than 6
roots). In other words,

pla) =a° =1 =TI%, (z — o)

So 7.12 tells us that the closed formula for u,, looks like:

6
o A n—1
Uy = i QG
i=1

where the A; are determined by

6
()Y Al =¢; for1<;j<6

i=1

Now it would be tedious to solve this system of equations from scratch. But as
remarked in the proof of 7.12 (*) has a unique solution. And we already know
this solution from 7.8. Note that

with the notation from 7.8. And hence we get from 7.8 that:
Al +A5=1

and Aja; + Asas = 1 for A = &T\/E and As = %. We also saw in
7.8 that the sequence (vp)nen) defined by v, = Ala?fl + A5ag‘71 satisfies
Up = Up—Vn > 7 and v; = ¢;V1 < j < 6. But these are precisely the conditions
which determine our current sequence (uy,)nen. Hence we get for all n € N|

6
Uy = Uy = E Aia?_l
i=1

WithA2:A3:A4:A6:0.

Example 7.14. Find a closed formula for the sequence (uy)neny which is a
recursively defined by u, = 2up_1 + up—2 — 2u,_3 with initial values ¢; =
1,co = 2¢3 = 0. We first solve the auxilary equation:

22 =22 —x42=0

which obviously has @ = 1 as one of its roots. After dividing the auxilary
polynomial by (z — 1), we get:

23— 2 x4 2/(x—1) =22 -2
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Now 22 — 2 — 2 = (v + 1)(x — 2), so that ap = —1 and a3 = 2, are the
remaining two roots of the auxiliary polynomial. The system of linear equations
determining Aq, Ao, Az is:

A+ A+ Az =1, 1 1 1 A 1
A1 7A2+2A3 :2, < 1 -1 2 A2 =12
A+ Ay +445=0 1 L 4 As 0

The unique solution of this system of linear equations is

2 1
Al =2,A=—-, A3 =—=
1 s 412 3’ 3 3
(This is standard linear algebra “reduced row form”) It now follows from 7.12

that 5 1
n=2->(-1)""'-22""vpeN
u 3( ) 3 n €
Things get again more complicated if the auxiliary polynomial has multiple
roots. We will just state here how the closed formula can be obtained in this

case.

Theorem 7.15. If a sequence (uy,)nen satisfies the homogeneous linear equa-
tion u, = a1up—1 + -+ + arun—g(ar # 0) of degree k, and if the auxiliary
polynomial p(z) = z¥ — Zle a;z""* has r distinct roots, ai, ..., o of respec-
tive multiplicities my, ..., m,, i.e. p(x) = III_;(z — o)}, then (u,) is a linear
combination of the sequences

(nj"a;-lfl for 1 <i<r,0<yj; <m;—1Vi

(so these m1 +mg+ - - -+ m, = n sequences of this type), with coefficients which
are uniquely determined by the initial values ¢; = u; for 1 < i < k.

We will now study an alternative way to derive formulas for u, if the se-
quence (up)nen satisfies a homogeneous linear recursion. This approach uses
generating functions, which are an important tool in combinatorics (not limited
to recursions). In this context it is common to start the indexing with 0 instead
of 1, hence using Ny and not N as the index set.

Definition 7.16. The generating function associated to a sequence (up )nen, is
the power series U(z) = Y~ upz™.

Remark 7.17. Addition and multiplication of power series. If a = ZZOZO anpxT™
and b= Y77 (b2, then a+b:=> 7 (a, + b,)z,. And we define

oo
a-b= E cpx’”
n=0

with "
Cp = Z Ambn_mVn € Ny

m=0

69



So in particular cg = agbyg — a-b # 1 if ag = 0 or by = 0. Note: if a,, = 0Vn > d
and agq # 0, for some d € Ny, then a is a polynomial of degree d.

{30 yanz"a, € RVn € No} together with addition and multiplication as
defined above is a commutative ring with 1 ( the latter since a - 1 = a for every
power series a).

Fact / Exercise 7.18. a = .~ a,z" is invertible, ie., there exists b =
oo o bpa™ with ab = 1, if and only if ag # 0

Example 7.19. (a) & = (1—z)7! =Y (2™ we verify (1—2) Y07 ja" =

Yoo g™ witheg=1-1=1and ¢, =1-b, —1-b,_1 = 0Vn > 1, where
b, = 1Vn € Ng. Hence (1 —2) > 2 ja™ = 1.

(b) 2 =(@—a) =300 ke = -1 3% [ £2Va #£ 0 one can either
verify, similarly as in (a), that (—a+2) > 0", ——rz" = 1. Or one can
observe that ﬁ = —élfﬁ, and then plug in £ for  in (a) and get

= (2
Example 7.20. (a) For fixed k € N, set

k
Un = H(ela "'ﬂek) € N](ﬂ Zei = n}IVn € Ny

=1

We observed in 3.19 that u, = (k ";1)v € Ng. Hence the associated

generating function for (u,)nen, is U(z) = Y o ("HC Ha". We claim

Proof.
1 1 1
1-—2)F 1-2~~1-2
ktimes
aas) o (o) (L) -3 )
e1=0 er=0 n=0 \e1+--+ex=n

oo k 0o
= Z l{(e1,...,ex) € NE| Zei =n}lz" = Zuna:" =U(z)
n=0 i=1 n=0

(b) For k € N and o # 0, we get:
1 (-DF 1 B (—1)’6% k4+n-1 (g)n
(z—a)f  aF (1-Z)k~~ ok —\ k-1 o'

In the following, we first show how we can compute the generating func-
tion U(z) = Y%, upa™ if the sequence (un)nen, satisfies a homogeneous
linear recursion of degree k.
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Proposition 7.21. Assume that the sequence (uy,)nen, satisfies
($)up, = a1tp—1+ -+ aptp_V¥n >k
ap # 0. If we set D(x) = 1 —a;x — --- — axz¥, then there exists a polynomial

R(xz) of degree > k — 1 such that the generating function U(z) = Y07 u,z™
satisfies the equation

R(z)
U =
Proof. We verify that D(z)U(z) := R(x) is a polynomial of degree < k — 1. If
we set (1 —aj — - —apa®) Yol jupa™ = > 07 c,z™, then we get for all n > k
Cp = Up — A1UR -1 — QUR—2 — *** — Qkp—1Un—k4+1 — AkUn—k

And hence, ¢, = 0Vn > k by (x). It follows that R(z) = D(x)U(x) =
Zﬁ;é cpx™, which is a polynomial of degree < k—1, (=k—1if ¢—1 #0). O

Remark 7.22. (a) The coefficients cg,--- ,cx—1 of R(x) can easily be com-
puted using a1, - - ax and the initial values ug, -+, ug_1:
Co = Up,C1 = U1 — ULUQy +++s Ck = Uk—1 — A1UK—2 — ** - — Ak—-1UQ

(b) Since the constant term of D(z) is 1 # 0, D(z) is invertible by 7.18,
i.e. there exist (uniquely determined) coefficients d,, such that ﬁ =

ZZOZO b,x™ if one can compute these coeflicients b,, then the equation
(Zi;é cnx") (Yoo g bpa™) = 307y upa™ can be used to derive a formula
for u,,. Alternatively, instead of first computing % and then the product

R(z) - ﬁ, one can also determine the power series ggg directly if the

roots of the polynomial D(z) are known (see below).

(¢) Recall that the auxiliary (or characteristic) polynomial associated with ()
is p(z) = ¥ —ay2* ' —- .- —ay. Determining the roots of p(z) is equivalent
to determining the roots of D(x): Note first that both polynomials have
nonzero constant terms so that 0 is not a root of either of them. We can
write p(z) = 2F(1 — a1 — -+ —ap2) = 2"D(3) —

p(a) = a*D(a " WVa # 0 —
a is a root of p <> a~ ! is a root of D

Theorem 7.23. Assume that §(x),g(x) are nonzero polynomials, and that
the degree of f is strictly smaller than the degree of g. Assume further that
ay, ..., ay are the r distinct roots of g with respective multiplicities myq, ..., m,., i.e.
g(x) = cIll_; (x — a;)™ for some nonzero constant c¢. Then these polynomials
hi, ..., h with degh; < m;V1 < ¢ < r such that
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1. % = % 4+ 4 % In particular, if £ =deg g and g has k

distinct roots aq, ..., ag then there exist constants cq, ..., ¢i such that

9. Il _ a4 ... 4 e Proofis available in Section 25.2 in [B]

g(w) r—og T—og

How do we compute the polynomials h;(z) in 7.23(1), respectively, the con-
stants ¢; in 7.23(2). Let’s start with the second question.

Lemma 7.24. If g(x) = cllj_;(z — ;) with ¢ # 0 and r distinct numbers
a1, and if degf(x) <degg(zx), then

where ¢; = %Vl <i<r.

Proof. Multiplying both sides of (%) with (z — «;), we get

f(z)

B A CO N,
Mjzi(os —ay)

Note that since a; # a;Vj # i, a; — o5 # 0Vj # i, and so we are allowed to
divide by o; — o;Vj # i. O
Example 7.25. Write % as a sum of partial fractions. So here f(x) =
2?2+ 2+ 1 and g(r) = 2® + 22 — 4o — 4. First of all, we need to find the roots
of g(x). One immediately checks that g(—1) = 0, so that g(z) = (x + 1)(h(z))
for some polynomial h(x) of degree 2. We compute h(z) by long division:

Pt —dr—4fr+1=2"—4

And obviously 22 — 4 = (z + 2)(x — 2) Thus, g(z) = (z + 1)(z — 2)(z + 2) and

its roots are a1 = —1,a0 = —2,a3 = 2. We know from 7.23 and 7.24 that
% = a:cil 122 :rcj2 Wlth’
(Oél — Oég)(Oll - 053) 1- (*3) 3
o — flaz) _ 3 3
(042 - Oél>(042 — Oé3) (—1 (—4) 4
B ) B
(Ckg - Ckl)(ag - 012) 3- 12
Hence,
224+z+1 1 3 7

P dr—4 3@iD) Azt 12@-2)
(check this!)
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The general case derived in 7.23(1) is more informed. If we write h;(z) =
co+ecpr+ -+ cimj,lxmi_l for 1 < i < r (note that degh;(z) < m;Vi and
multiply (1) with IT_, (x — ;)™ on both sides, then we get (since degf(x) <
degg(x) = 32—, m; and degh; ()21 (z—a;)™ < miJij;éi m; =degg(x)V1 <
i <) asystem of Y ;_, m; linear equations for the Y ., m; unknown coeffi-
cients ci,, 1 < i < 7,0 < k; < m; — 1, which has a unique solution. Instead
of describing this in full generality, I will only discuss one example where deg.
g(z) =3.

Example 7.26. Write WA as a sum of partial fractions. So here

—3x2—4x+1
f(z) = =622 =3z +1 and g(z) = 1823 — 322 — 4z + 1 = (1 + 22)(1 — 3z)?(check
this!). Hence g(x) has the roots oy = —% with multiplicity m; = 1 and ap = §

with multiplicity me = 2. We want to write % in the form

= + +
g(z) z+i -4 (z—1%

f(x) C1 C2 C3 )2(*)

Note that every polynomial of degree < 1 can be written in the form co(z —

(
%) 4 ¢3. Multiplying () with (z + 3)(z — $)? on both sides we get

fla) 1., 1 1 1
18 =ci(z - 3) +ca(x + 2)(:5— 3)—|—63(x—|- 2)
& (5%) Lo Loyl (c1 + )2+(2 g )+1 Lyl
- =T — = — = (C Co )X ——=C —C C3 )X —C1 — =C —C
3 6 ] 1 2 3 1 62 3 9 1 62 23

So we have to solve the following system of linear equations

1
c1+co = 75361 +3c1 = —1

2 1 1
7301 + 602+C3 = 76 <> 7461 +CQ+603 =1

L ! +1 L 2 3ca+9 1
—c1 — =c¢C —c3 = — 2¢1 — 3¢ c3 =
9l T 52 T8 T g 1 2 3

2
1= 7o,
33 0\ /o -1 25
31
<~ —4 1 6 |l =(-1 — Cp = ——,
2 -3 9/ \¢ 1 75
__2
C3 = 45

An alternative computation of ci,cs,c3 consists in a modification of the ap-
proach described in 7.2.4:

f(l’) C2 C3

Br+4)(z—3)2=-5 z-1 (z—1)2
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=cC
e
and .
f(3)
18(34+14)=cs3
¢y is determined by the equation ¢; + ¢co = f%. So we obtain:
f(z) —622 -3z +1 725 % 4%

g(x):18x3731:274x71:1‘—|—% z_% (x_%)Q
Applying 7.19(b) and 7.20(b), this can now be used to write % as a power
series.

fl) 2 1 31 1 2 1

g(x) 25x+%_75x—%_45(x—%)2
2(1>°°1 31 —1. = 1 2 1 = 1
=—|-—— " — — (=) ——a"————) (n+1) x"
s\ oo wm D L e war s ey
—ii( )" "+3—1§:3":ﬂ77i(n+1)3nx”

- 25 n=0 25 n=0 5 n=0

Discussion 7.27. How to find formulas for w, if (un)nen, satisfies a homoge-
neous linear recursion.

Up = @ Up—1 + -+ + agun-k(ax # 0)
of degree k using the generating function U(x) = ZZOZO Unp 2™
Steps:

1. Find the roots of D(z) =1 — a;x — - - - — apa” recall that these roots are
the inverses of the roots of the auxiliary polynomial 2% —a;z*~1 —
(see remark 7.22(c))

..._ak;

2. Compute R(x) = 79 + riz + -+ + rp_128 71, where 79 = ug,r; = uy —
A1UQ, oy Th—1 = Uk—1 — G1U[_2 — * ** — Qp_1Ug, Where ug, U1, -+ ,up_1 are
the k initial values of (un)nen,

3. Develop, using step 1, gg;; into a sum of partial fractions

4. Use the previous step as well as the formulas in 7.19 and 7.20 to write

dOWIl M as a power Series
D() p :
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5.

Use the previous step and the equation U(x) = ggg (see 7.21) to find a
formula for w,, for all n € Ny by comparing the respective coefficients of

z™.

Example 7.28. Let (uy)nen, be defined by the recursion, w, = 4t,—1+3up_o—
18u,_3Vn > 3 with initial values ug = u; = us. So we can have a1 = 4,a9 =

3,&3

1.

4.

= —18. Steps:

Here p(z) = 2% — 42?2 — 32 + 18 = (2 + 2)(x — 3)? and hence D(x)
1 — 4z — 322 + 1822 has roots a; = —% of multiplicity m; = 1 and ay =
of multiplicity me = 2.

wl— ||

. To = Uy = 1,’/”1 = U1 —1Uug = —3, o = U —A1U1 —A2UY = 1-4-1-3-1=
—6 — R(z) = —62% -3z +1
(Steps 3 and 4)
R(x) =~ —6z>—3z+1 2 1 31 1 2 1
D(z) 1823 -3z —dz+1 25z+1 75x-1 45(x—1)2
— [ 4 21 2
nz_:o<25( )i g3 gm )x
By example 7.26
UnZ%(—Q)"-i-%i‘}”—%n?)"VneNo

Remark 7.29. (a) According to theorem 7.15, which we quoted without

proof, the sequence (u,) in 7.28 has to be a linear combination of the
sequence ((—2)™),(3™), (n3™). The fact that the sequences ((—2)™) and
(3™) satisfy the recursion in 7.28 follows from the observation that —2 and
3 are roots of the polynomial p(z) = 23 — 422 — 3z + 18. The argument
given for this conclusion in 7.12 still applies since for this it doesn’t matter
whether the roots are multiple or not. It is less clear that the sequence
n3™ satisfies the recursion of 7.28. But it can easily be verified as well: If
v, = n3"™ for all n € Ny, then

401 + 309 — 180, 3 =4(n —1)3"" 1 +3(n —2)3""2 —18(n — 3)3" 3
=(4n—4)3""' 4+ (n—-2)3""t —2(n—3)3""1
=(n—44n-2-2n+6)3""" = (3n)3""" =n3" = v,.

If (un)nen, satisfies the recursion
Up = A1Up—1 + -+ QpUp—k
with ay # 0, the associated auxilary polynomial p(z) is

p(z) = 2% —a1zh =t — ... — ag(see 7.14)
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1 1 1
k k k
—af(l—a = — - —ap(2)F) = 2FD(=
S pla) = H(1 s~ — (D)) = 25D(2)
With the polynomial D(x) =1 — ajx — - -+ — axz” as in 7.21
1 —k
—>D(E)=x p(x)

and hence )
D(x) = z"p(>)
x
So if p(x) = II7_; (x — ;)™ is the factorization of p(z) with r distinct roots
Qi, ..., a of respective multiplicities my, ..., m,,n then p(%) = H§:1(% —
Oéi)mi —
1 1 _
()D(z) = 2p(2) = 2Ty (> — o)™

Now note that all a; are different from 0 since the constant term of p(x)
is ay, # 0. Also note that k = deg p(z) = >_,_, m;. Hence we can rewrite
(*) as follows:

D(z) = T_, (1 — aga)™ =T_ 0" (o] ' — 2)™ =

Al_y(a; ' — )™ with ¢ = I[_;a[" #0
This shows that the polynomial D(z) has precisely r distinct roots al_l, oY

each with respective multiplicity m;.

R

The assertion in 7.15 that we have to consider (linear combinations of) the
sequences (n‘a™),en, for i = 0,...,m — 1 ifa is a root of multiplicity m of
the auxiliary polynomial p(x) come out of the blue. It can now be better
motivated by Discussion 7.27. First of all, by the above Remark (b), a~!
is a root of multiplicity m of the polynomial D(z). Then the part of the

partial fraction decomposition % involving a~! is of the form
m
I T
s (z — o~ 1)k

with constants cy,...,c,,. Writing this sum as a power series and using
7.20(b), we get (replacing o with a~1)

ch(_l)kaknzzo (k? ‘]f;ﬁ; 1)0[”.%” —
i in:ck(—l)ko/C (n Zf; 1> oz

=:hk(n)
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Since for each k < m, (k+"_1) = ﬁ(n—&—k— Dn+k—2)---(n+1)is

k—1
a polynomial of degree k—1 in n, hx(n) is a polynomial of degree m —1 in
n. Hence there exist numbers by, - - - , b, —1 such that hg(n) = Z;.":gl bjnj,

which implies

m c 0o m—1
Lk .
— .nJ nn __
—% = bjn’ | a"z" =
rEr=y P S P
k=1 n=0 7=0
00 m—1
E g bjn’a™ | 2"
n=0 \ j=0

in view of step 5 of Discussion 7.27 this explains why a linear combination
of the sequences (n/ a™),en, for j = 0,1,--- ,m—1 occurs in the expression
for (uy).

8 Symmetric Group 5,

Recall definition 2.26(b)

Sn={f:N,, = N,|f is bijective}

So far we treated S,, as a set and, for instance, established that |S,| = n! in
2.27. However, S,, has also the structure of a group w.r.t composition as a group
operation: If f,g € S,_1, then also fog € S, and f"~ !, ¢g~! € S, id is the
identity element of the group S, we have foid =ido f and fof~ ! = f~lof =
idvf € S,,. And, obviously, composition satisfies the Associative Law

(fog)oh=fo(goh)Vf,g,h €S,

There are different ways to denote the elements of S,,. f € 5, is given the
images f(j) for 1 < j < n. So we can write

1 2 .. n
f_(i1 Tg  e- Zn)

with i; = f(i;) for 1 < j < n. Note that {i1,---,i,} = N, since f is a
permutation — f(N,) = N,,. An important type of permutations are cycles
which are written in the form (ji,- - ,jx), where {j1, - ,jr} is a k—subset of

N, and if f = (j1, - ,Jx), then
f(Gi) =digr for 1 <i <k —1, f(ir) = i1, and

1 2 3 4
(1 4 2 3)2(2 4 3)

(s

Example



For each 1-cycle @ is simply a different notation for id. 2-cycles are also called
transpositions; they are of the form (ij) with ¢ # j € N,, so that (ij)(k) =

joifk =i

1 ifk=3j Fact: Each permutation f € S, can be written as a product

Eifk+#i4,j
of transpositions, i.e., 3 permutations 71,--- , 7, € S, such that f =my--- 7.
Fact 2: If f = (j1---jk) is a k- cycle, then the order of |f| of f is |f| = k. We
also have f = (jxji-  jk—1) = -+ = (Jo2---Jjrj1) . Hence there are k different

notations for the same k—cycle. Corollary. The symmetric group S,, has

(m)r  nn—1)---(n—k+1)

k k

k-cycles. Here (n)y is the number of injective maps from Ny to N,, (see 2.21),
i.e. the cardinality of

{Gry--vgk) €NF | G # gy forall a # b},

and each k-cycle in S, is determined by exactly k such k-tuples.

Fact 3: Every f € S, is a product of disjoint cycles, i.e. there exist cy-
cles o1, - ,0, € S, which are pairwise disjoint (i.e. for each | # m, if
op = (j--jx) and o, = (a1---as) with j1,--+ ,jg,a1, - ,as € N,, then
{1, 7kt N{ar, - ;as} = 0 such that f = o1 0+ 0 0,.. Additionally,
this factorization is unique up to the permutation of the factors (one immedi-
ately checks that o; o 0, = 0y, 0 07 if 07 and oy, are disjoint cycles). This
means that if f = oy0---00, and f = 0] o -+ 00l with pairwise disjoint

cycles o1, - , oy, respectively, o, -+, 0L, in Sy, then » = r’ and there exists a
permutation 7 € S, such that o} = o,;V1 < i <.
Example

w

(1 2 3 4 5

f= <6 41 25

The fact that 5 occurs in a 1-cycle means that 5 is an element of Ng and (the
only one) which is fixed by f € Sg.

Definition If the decomposition of f € S,, into the product of disjoint cycles,

there are m; cycles of length i for 1 < i < n(m; € Ny), than this is called the

cycle type or simply the type of f. In [B], the type of f is then denoted by
[1m2m2 L. nmn].

) = (163)(24)(5) = (5)(24)(163)etc.

Since every j € N,, occurs in precisely one of the cycles of the factorization of
[ into disjoint cycles, we have Y " | m;-i = n (m;-i is the number of elements in
N,, which occur in one of the m; cycles of length ). Of course m; is often 0, for
instance, if f is an n—cycle, then m,, = 1 and m; = 0forall 1 <7 <n—1. In the
notation of the cycle type one often omits the ¢ for which m; = 0. For instance,
in the example of f € Sg above, its cycle type would be [1'2’3'] Another more
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descriptive notation for the cycle type which is often used is
()()(-+) for this f € Sg

Fact 4 f € S,, is a derangement of N,, (see 4.8) if and only if the number m, in
its cycle type is 0, which precisely means that no element j € N,, is fixed by f.
(Obvious) We are now turning to the question of how many permutations of a
given cycle type there are in S,,. Fact 5 If the given type is [1™,2™ ... n™»],
then the number of elements of S,, having this type is

n!

1m2m2 ... nmamylmo! - - - my,!

This follows from counting the number of possible cycles of length i (see this
Corollary below fact 2) and the fact that cycles of the same length can be
permuted arbitrarily in a product in which they occur; see section 12.5 in [B] for
a more detailed discussion. In practice, for small n, one isn’t using this formula,
but quickly doing case by case computations. Example (This is exercise (6) of
Homework # 13) What are the possible cycle types for derangements of Ng,
and how many derangements are there of each of these types?

Answer: (also using Fact 4)

)
3 . -32-11 15
(I =Y 0 R =
Note that, for instance, with type (---)(---), if you already choose numbers for
the first 3-cycle (% = 40 possibilities), then for the second 3—cycle you can
only choose from the remaining 3 numbers from Ng (hence % = 2 remaining
possibilities for the second 3 cycle). But since, for instance,

(123)(456) = (456)(123)

You have to divide by 2 = 2! in order to get the correct number of permutations
of type (+--)(---). And in the last case, there are even 3! = 6 possibilities of
ordering the factors in the product and still getting to the same permutation. So
by combining all permutations with cycle types where no 1-cycles are occuring,
one obtains that there are 90+1204+40+15 = 265 derangements of Ng. This
agrees with our computations of d,, in Chapter 4. The quickest way to compute
d,, is by using the recursion d,, = (n — 1)(dn—1 + dn—2) (See exercise (5) of
Homework # 7) Where we computed dy = 9 and d5 = 44 in 4.10. Hence
d¢ =5(44+9) =5-53 = 265. As noted in 4.11, %‘ is a good approximation for
1

dy, (or equivalently, - is a good approximation for (fl—", = %) Hence we have

6l — 720  264.873, L = 0.36788 and % = 0.368.

€
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